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We report experimental evidence of a series of transitions over different classes of two-dimensional patterns
~hexagons, horizontal rolls, vertical rolls, zigzags! observed in a nonlinear optical system in which nonlocal
interactions have been introduced by a lateral wave-front shift. At variance with similar scenarios of transitions
observed in fluid dynamics, here the pattern selection is operated by the nonlocality mechanism, and a simple
theoretical analysis yields predictions in good agreement with the experiment. @S1050-2947~96!10509-6#

PACS number~s!: 42.65.2k, 03.40.Kf, 42.60.Jf, 89.90.1n

Pattern formation in spatially extended systems driven out
of thermodynamical equilibrium is a rather ubiquitous phe-
nomenon in nature @1–3#. Selection of length scales and
shape of the structures that form can be due to several agents,
as the symmetries ~either intrinsic @4,5# or induced by bound-
ary conditions @6–8#!, or the rate of energy feeding into the
system ~the so-called ‘‘pump parameter’’! @9,10#, or the local
interactions within the system @11,13#, or nonlocal interac-
tions @14–16#.

In this paper we give experimental evidence of a
chain of transitions in two-dimensional patterns
~hexagons→horizontal rolls→vertical rolls→zigzags! ob-
served for a monotonic increase of a lateral wave-front shift
in the feedback loop of a nonlinear optical device. The varia-
tion of this nonlocality parameter is completely responsible
for the observed transitions. This point constitutes the main
difference between the instabilities reported here and similar
ones observed in fluid dynamics systems @9,10#.

The experimental system consists of a liquid-crystal light
valve ~LCLV! illuminated by a spatially uniform laser beam
and inserted in an optical feed-back loop @15#. The LCLV is
a sandwich formed by a nematic liquid crystal layer, a mirror
and a photoconductor, with an applied alternating current
~ac! supply voltage. This configuration induces in the liquid-
crystal layer a refractive index variation Dn that for certain
ranges of the experimental parameters @17# is proportional to
the optical intensity on the photoconductor ~optical Kerr ef-
fect!.

Pattern formation in a Kerr-like medium with various
kinds of optical feedback loops has been predicted @15,18#
and observed @15,19–21#. When the feedback loop consists
of a free propagation path of length L , pattern formation
arises by the interplay of the Kerr effect with the space de-
pendences due to diffraction of the optical wave and diffu-
sion of the refractive index perturbations. Furthermore, in-
clusion of a nonlocal interaction by means of transverse
displacement of the optical wave front by an amount Dx
within the feedback loop ~along a given direction x trans-

verse to that of the wave-front propagation! induces a new
class of pattern forming instabilities. Instabilities of this kind
were reported in Refs. @16#, @22#, and @23#; however these
observations were limited either to small Dx for which only
rolls appear @16,23#, or to one transverse dimension @22#.
Here we show how in two dimensions different symmetries
go sequentially above threshold by a smooth variation of Dx
over a wide range.

The experimental results here reported are obtained for
fixed wavelength ~l5514 nm! and polarization ~parallel to
the liquid-crystal director! of the incoming beam, amplitude,
and frequency of the voltage applied to the LCLV (V0512.5
V rms, n54 kHz and free propagation length ~L526 cm!.
Figure 1 shows the sequence of patterns observed in the near
field ~above! and in the far field ~spatial Fourier transform of
the near field! ~below! at a fixed value of input intensity
I0572 mW/cm2 for increasing Dx .

At Dx50 @Fig. 1~a!# stationary hexagons are observed.
For 20,Dx,170 mm @Fig. 1~b!#, hexagons lose stability
and are substituted by stationary rolls with length scale inde-
pendent of Dx and oriented along Dx . At Dx5180 mm @Fig.
1~c!# a cross-roll pattern formed by the coexistence of hori-
zontal and vertical rolls emerges. Vertical rolls prevail over
horizontal ones for 200,Dx,260 mm @Fig. 1~d!#, and dis-
play a pitch that increases for increasing Dx . These rolls drift
in time in the Dx direction with a velocity that is a decreas-
ing function of Dx . For Dx.270 mm transverse distortions
of vertical rolls begin to form, ending up with zigzag gen-
eration @Fig. 1~e!#.

Similar scenarios ~an initially stationary roll pattern
evolving toward cross roll and zigzag! occur in fluid convec-
tion as the rate of energy feeding into the system increases
@9,10#. These secondary instabilities were theoretically mod-
eled, either starting from the complete set of partial differen-
tial equations describing the phenomenon @9#, or relying on
simplified equations ~‘‘amplitude equations’’! derived from
the original equations by perturbative techniques @24–26#.
The same amplitude equations are valid also for the descrip-
tion of large section laser dynamics @27#.

Here, instead, the pump parameter is kept at a fixed value,
and most of the features of the observed transitions are ac-
counted for by a linear stability analysis of the equations
governing the phenomenon. The equation for the space-time
evolution of the refraction index n(x ,y ,t)[(x ,y) is the plane
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PHYSICAL REVIEW A OCTOBER 1996VOLUME 54, NUMBER 4

541050-2947/96/54~4!/3472~4!/$10.00 3472 © 1996 The American Physical Society



transverse to the direction z of wave-front propagation# for
the liquid crystal layer @15,18# reads

t
]n~x ,y ,t !
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1aI fb~x1Dx ,y ,t !, ~1!

where t.100 ms, ld are, respectively, the response time
and the diffusion length of the liquid crystal, ¹

'

2 is the La-
placian operator in the (x ,y) plane, I fb(x1Dx ,y ,t) is the
feedback intensity displaced by Dx along x , and a is a
coefficient giving the strength and the sign of the Kerr non-
linearity ~a.0 for focusing media, a,0 for defocusing me-
dia!.

The Kerr approximation here adopted for the description
of the LCLV is valid under two basic conditions @17#: first,
the supply voltage V0 must be larger than a threshold
V th , below which the orientation of the liquid-crystal mol-
ecules remain in its initial state; second, the input intensity
I0 must be much smaller than the value Isat , at which
saturation of the molecules orientation occurs. For our LCLV
we measured V th.3 V rms and Isat.1 mW/cm2, so that
the Kerr approximation is valid in all the cases here consid-
ered.

With the spatial Fourier transform (x ,y)→(qx ,qy)[qW ,
Eq. ~1! becomes an ordinary temporal differential equation in
the Fourier space (qx ,qy)[qW for the component nqW(t). Lin-
ear stability analysis of such an equation gives for a pertur-
bation of spatial frequency qW a complex eigenvalue
lqW1ivqW of the form

tlqW5212ld
2q212aI0sinS q2L2k0

D cos~qDxcosw !, ~2a!

tvqW52aI0sinS q2L2k0
D sin~qDxcosw !, ~2b!

where k0[2p/l is the optical wave number, q is the modu-
lus of qW , and w is the angle between qW and DxW . The term in
sin(q2L/2k0! arises from the propagative nature of the opti-
cal feedback loop @18#. We recall that in the present case
a,0 since LCLV acts as a self-defocusing medium.

By differentiating the above expressions with respect to q
and w, we find the values (q ,w! for which the growth rate
lqW has a local maximum, corresponding to the most unstable
modes, which are selected by the system when driven
slightly above threshold. It turns out that, for DxÞ0, the
most unstable modes are those for which
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2
, q.A3pk0 /L horizontal rolls, ~3a!

0,p , q5q~Dx ! vertical rolls, ~3b!

6arccosF p

qDx G , q.Apk0 /L oblique rolls. ~3c!

In writing the expressions for the unstable wave numbers
in the cases of horizontal and oblique rolls we have assumed
that diffraction is dominating over diffusion in determining
the length scale of the patterns @28#. This is justified by the
fact that the diffusion length of the LCLV is ld.40 mm, so
that l d

2k0/L.0.1.
Equation ~3c! predicts only that for some Dx ranges two

sets of oblique rolls are linearly unstable, but does not pro-
vide information on the actual pattern. This prediction is

FIG. 1. Near field ~above! and far field ~below! patterns observed for fixed input intensity (I0572 mW/cm2!. a ,a8: Dx50; b ,b8:
Dx550 mm; c ,c8: Dx5180 mm; d ,d8: Dx5220 mm; e ,e85400 mm.
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compatible with situations in which only one of the two sets
of rolls appears, or the two sets coexist with a given phase
relation. Investigating the stability properties of these various
patterns would require nonlinear analysis around Eq. ~3c!, a
task that is beyond the aims of the present work. For the
parameters here selected, however, the two sets of oblique
rolls have always been observed to organize in zigzag pat-
terns as the one shown in Fig. 1~e!.

In Fig. 2 we report the marginal stability curves
(lqW50) in the (Dx ,I0! plane for the Eqs. ~3a!–~3c!, together
with the experimental instability thresholds. The theoretical
curves are in fair agreement with the experimental values for
a choice of the LCLV parameters ld540 mm, a520.0134
cm2/mW. The only quantitative discrepancy between theory
and experiments is observed for Dx.0, since for Dx50 the
solution at threshold is the hexagonal pattern that cannot be
accounted for by the linear stability analysis @28#.

To test how far we can rely on the results of the linear
stability analysis we compare the width of the excited q
and w bands measured for various Dx at I0572 mW/cm2

with their theoretical counterparts. The result of these proce-
dures are reported in Fig. 3. For each Dx , the stationary
situation in which the measurements were done was reached
by starting from I0 below threshold, and gradually increasing
the intensity beyond the corresponding threshold value ~re-
ported in Fig. 2! up to I0572 mW/cm2. This procedure dis-
criminates which of the patterns of Fig. 1 arises directly from
the primary bifurcations and which pattern arises rather from
secondary bifurcations. In this way we verified that the pat-
terns here reported arise from primary bifurcations, with the
exception of cross rolls, this last one being due to the super-
position of horizontal and vertical rolls with different thresh-
olds. Further secondary bifurcations leading to the appear-
ance of more complex space-time structures are observed for
values of I0 well above 72 mW/cm2.

The width of the bands reported in Fig. 3 is not constant,
because the offset above threshold depends on Dx . The theo-
retical bands are calculated by assuming that, for each fixed

Dx , all the wave vectors with a growth rate different by less
than a faction p from its maximum are excited. Figure 3
corresponds to p50.3.

In the case of the vertical rolls, we have performed a
measurement of the average drift velocity vd , and for the
whole range of Dx @and corresponding q values ~see Fig. 3!#,
where these rolls occur, vd is confined in the interval 10 to
100 m/s. On the other hand, from Eq. ~2b! we evaluate, for
cosw51

vd[
v

q
5

2aI0sinS q2L2k0
D sin~qDx !

qt
. ~4!

Introducing the numerical values, Eq. ~4! yields values of vd
in agreement within 20% with the ones measured in the ex-
periment. The agreement between theory and experiments
confirms that the most relevant features of the observed sce-
nario are explained by linear stability arguments.

This work was partly supported by EEC Contract Nos.
CI1*CT93-0331 and CHRX-CT93-0107.

FIG. 2. Marginal stability curves (lqW50) for horizontal rolls
~dashed line!, vertical rolls ~dotted lines!, and zigzags ~solid line!,
and experimental values of the excitation thresholds for hexagons,
horizontal rolls, vertical rolls, and zigzag pattern. The theoretical
curves are evaluated for ld540 mm, a520.0134 cm2/mW ~see text
for definitions!.

FIG. 3. Excited values of q ~a! and w ~b! vs Dx , for I0572
mW/cm2. Experiment: the dotted regions represent the bandwidth
size for each Dx . Theory: the continuous lines are the modes of
maximum growth rate and the shadowed regions represent modes
having a relative growth rate that differs from the maximum one by
less than 0.3, for the same parameters as in Fig. 2.
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