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Recent experiments on an optical oscillator with photorefractive gain have shown that the output field
undergoes periodic or chaotic alternations among a small number of patterns. The above features are
explained by a dynamical model, based only on symmetry arguments, and hence applicable to a variety

of physical situations.

PACS numbers: 42.50.Lc, 02.20.+b, 05.45.+b

Recent experiments on an extended optical system [1]
have shown the sequential onset of a small number of
different configurations, each one living for a rather long
time and then being quickly replaced by another one.
The system consists of a ring cavity with a photorefrac-
tive medium pumped by an argon laser. The cylindrical
geometry of the cavity constrains the symmetry of the
output field. The pumping process, however, breaks the
O(2) cavity symmetry introducing a privileged plane,
defined by the propagation vectors of pump and signal
fields. The oscillator yields field patterns varying in time.
By changing the size of the cavity pupil, two different
dynamical regimes are observed. For large pupils the
field displays a complex pattern which may be expanded
in a large number of solutions of the free propagation
problem (the so-called cavity modes). For small pupils,
the field at any time is made of a single mode; however, a
small number of modes (from two to about ten) can al-
ternate in time. Thus, the alternation phenomenon con-
sists of an ordered sequence of quasistationary modes.
Depending on some control parameter, the persistence
time of each mode is either regular [periodic alternation
(PA)] or irregular [chaotic alternation (CA)]. Away
from the narrow switching time intervals, the amount of
mode mixing is negligible.

A phenomenon similar to CA, called chaotic itineran-
cy, was introduced by Ikeda, Matsumoto, and Otsuka [2],
Otsuka [3], Kaneko [4], and Tsuda [5] in dealing with
numerical solutions of different classes of model equa-
tions, namely, a one-dimensional laser [2], an array of
coupled lasers [3], globally coupled iteration maps [4],
and nonequilibrium neural networks [5]. In fact this
latter phenomenon includes erratic jumps among the
available quasistationary states, whereas CA keeps the
sequence ordering. Such is the case in the experiment of
Ref. [1], even though it was initially called chaotic
itinerancy.

The purpose of this paper is to show that the onset of
PA and CA is accounted for by pure symmetry argu-
ments, without detailed knowledge of the underlying
physics. Let us consider a simple dynamics involving
three transverse modes, a central one with amplitude zg
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and two higher-order ones counterrotating along the az-
imuthal coordinate 6 with respective amplitudes z, and z,
and angular momenta * 1. We can expand the cavity
field as

E=f1(r,1)(z e+ 20 "™ + fo(r,D)zee™™ , (1)

where fo and f| are the space distributions of the modes.
The optical frequencies wo and w; are in general dif-
ferent, and slow time dependence due to the dynamics is
included in the amplitudes z;(¢) (i =0,1,2).

The zero intensity situation corresponds to zop=z,
=z,=0, the central mode to zy=z,=0, and an azimu-
thal standing wave to zo=0, z; =z;. The time sequence
of these three situations is one of the simplest cases ex-
perimentally observed [1], so we aim at building model
equations having the above sets of z values as fixed points.
Since, however, any quasistationary point persists for a
finite time, each of the fixed points must have at least an
unstable direction. With these general rules in mind we
now discuss the symmetry requirements.

The observed symmetries impose the following con-
straints on the mode amplitudes [6]:

0:(z1,22,20) — (e%z,,e ~1%,,2¢) ,
K:(z1,22,20)— (22,21,20) ,

where © denotes the rotation operation, and K the
reflection around the privileged plane. As these modes
are born by Hopf bifurcations, there is an additional time
symmetry

B:(z1,22,20) — (e®'z,,ePz,,e®20) .

The normal form for the nonlinear interaction among
the three modes, assuming that the symmetry of the sys-
tem is Z, (reflection) degenerated towards an O(2) one
(reflection and rotation), is [7,8] (dots denote time
derivatives)

Zo =l.020+[a(|21|2+|22|2)+b|20'2120 ,
z'|=le+(c|z||2+d|22|2+e|zo|2)z|+£zz, (2)
za=hz1+W|z\|*+clza| 2 +elzo| Dzy+ ez, ,
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where Ag,A1,a,b,c,d e are complex coefficients and s=p6ew‘ is a symmetry-breaking parameter. Letting z; =p,~ei‘o‘, and
changing the variables as py =A cos(a/2), p, =Asin(a/2), and § =¢, —¢|, Egs. (2) will read

A=M+[c"— L (c"=d)sin?(a)]AB A+ [p,sin(a)cos(8)cos(e,) +epdl A |
a=— 1 (c"—d"sinQQa) A2+ 2p,lcos(e,)cos(8)cos(a) +sin(e,)sin(8)],

. S (3)
§=—(c"—d")A%cos(a) +p.lcotan(a/2)sin(p,— 8) —tan(a/2)sin(e.+ 8],
po=@§+a"A*+b"pi)po ,
and
Po=A{+a'A2+b'pd, @ =Ar{+A%[c cos?(a/2)+d'sin?(a/2)]+e'pd. 4)

We will now show that the solutions of Egs. (3) and |

(4) reproduce the experimental behavior for certain pa- These solutions correspond to standing waves, and there-

rameter values that we derive explicitly. Notice that Eqgs. fore will be part of the “skeleton” of pure modes in our
(3) constitute a closed four-dimensional system. dynamical model.

Both the laboratory experiment [1] and the numerical The stability of these fixed points in the (a,8) direc-
solution of the physical model [9] show that an initial  tions can be derived from the eigenvalues of the Jacobian

condition close to a central mode is followed in time by a of the first three Egs. (3),
zero intensity state (see Fig. 1). Therefore, in the six-
dimensional phase space of the solutions of Egs. (3) and T
- + 2p, e
(4), the zero is stable in the po direction. In our model, a [+ 2pecosler) 0 0

first condition for the correspondence with the experi- 0 DGy DGia|, (6)
ments is thus A§ <0 and "> 0. 0 DGy DG
If po=0 there are fixed points at a =x/2, § =0, 7z, with
A?=—=2I\] £ p.cos(e)]/(c"+d") . (5) where DG;; stands for the 2X 2 matrix
|
2

[(d"— "IN F dc"p.cos(e,)] =+ 2p,sinle,)
c"+d

—=————[A{ £ p.cos(¥.)] F 2p,sin(p;) F 2p.cos(e,)
c'+d
According to the experimentally observed dynamics, states close to zero evolve towards a standing wave. Therefore,
the zero will be unstable in the p; =p,=p direction, and that will occur if —2A]F 2pescos(ep,) > 0. As A? must be a
positive quantity, according to Eq. (5) ¢"+d” <0. If the eigenvalues of DG have negative real parts, the fixed points will
be stable in the a and & directions also. The averaged intensity of these states can be computed as (EE *), with E given

by
C (@] SW
.
r Now let us state the conditions for switching to the
central mode in such a way that the dynamics of our
f ‘ model closely resembles the experimental dynamics. Ba-
sically, we want the standing wave to be unstable in the
p1 and p, directions, so that initial states close to the
standing wave and with small components of po should
evolve towards a central mode as shown in Fig. 2.
In the p; =p;, § =0 subspace, the dynamics is given by

E=¢'® —5/2)p[ei(9—6/2)+e —i(9—8/2)]f(r)ef0’1’ . (8)

Therefore, the pattern corresponding to this state will
look like a set of two bright spots either parallel (§=0)
or perpendicular (§=r) to the privileged axis as shown in
Fig. 1.

FIG. 1. Experimental sequence of three alternating patterns
(from the data files of Ref. [1]). C is the central mode (only
z0#0), O is the zero mode (zo=z;=2z,=0), and SW (standing
wave) is a balanced combination of clockwise (z;) and anti-

clockwise (z2) azimuthal traveling waves. The two spots of SW (AP A2 br a2

are aligned along the intersectiongwith the privilegedi;lane, cor- poré+a"A*+b"po)po . 9)
responding to §=0. Each of the three patterns lasts around 100 A=I\{+p.cos(e,)+ + (c"+d)A*+e'pdlA .

sec and is replaced by the next one within 2 sec, along the se-

quence shown by the arrows. In the (po,4) plane of the phase space there are three
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FIG. 2. Three-dimensional (po,p1,p2) projection of the phase
space. The arrows indicate the local stability properties of the
zero (0), central (C), and standing wave (SW) solutions, which
lie on the (po,4) plane (sketched by dashed lines).

fixed points O, SW, and C, with respective coordinates
0,0, (0,{—2IA[+pscos(e)1/(c"+d")} '), and ([—2§/
571'2,0). If the following happens

r
r_ a

Ao—2
cr+dr

A+ pscos(e)] >0,

(10)
,
- %X6+[M+pgcos(¢s)] <0,

the fixed point SW is unstable in the po direction, and C
is stable in the A direction. As "> 0, C is unstable in
the po direction. Notice that D=a’e"—b"(c"+d")/2
must be negative in order for both conditions to be
satisfied at the same time. If this happens, the (po,4)
plane includes a fourth fixed point P with

p3=L c’+d x5—a’[xf+pecos(¢s)]],
D 2
an
y 2=%{—e’7»6+b’[7»|’+PsCOS(¢s)]} :
P undergoes a Hopf bifurcation if
a__|cHd |,
pd= 7 A2, (12)

As a periodic orbit emerging from P gets close to the
other fixed points, there will be a critical slowing down
that will give rise to the PA phenomenon among the O,
SW, and C states.

The numerical solutions of the equations (Fig. 3) show
a qualitative agreement with the above considerations.
The parameter values chosen for the simulations are re-
ported in the figure captions. Notice that in the case of
Fig. 3(a), b"/e” > 2a’/(c"+d"); thus the eigenvalues of P
in the (¢ =7/2, §=0) plane are *i. For any initial con-
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FIG. 3. (a) (po,p1) projection of the solutions of Eqs. (3) for
a"™=3, b'=1, c"=—1,d"=-2, ¢"=—1, A{=0.5, Af=—1.5,
pe=0.5, =0, and ¢'—d'=1. P is marginally stable and for
any initial condition a periodic orbit is found. The closer a
periodic orbit is to the three fixed points, the larger the period.
The imaginary parts of the coefficients Ao, b, a, and e contrib-
ute only to the dynamical evolution of ¢o and ¢;. (b) Same for
P stable [parameters such that 2b'pg+A42(c"+d") <Ok (c)
Same for P unstable [parameters such that 2b6"p§+A42(c"
+d") > 0].

dition there is a periodic solution passing through it, sug-
gesting the existence of integrals of motion. Notice that
there is a heteroclinic solution connecting the three fixed
points on the axes, and that the period of a periodic solu-
tion is larger the closer it is to the heteroclinic solution.
Furthermore, the density of points along the trajectories
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