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Abstract.
analyzed. During the coexistence of dierent patterns

Competition among modes in an annular CO; laser has been experimentally and numerically
, each of them resultin g from the interaction of two

transverse modes with opposite angular momentum, chaos has been experimentally detected. A numerical

model, derived from the Maxwell-Bloch equations an
interpretation of the main experimental features.

d including symmetry breaking terms, enables the

PACS. 42.55.f Lasers{ 42.65.§ Dynamics of nonlinear optical systems;optical instabilit ies, optical chaos
and complexity, and optical spatio-temporal dynamics { 42.65.k Nonlinear optics

1 Intro duction

Wide aperture lasersprovide good experimental systems
to investigate pattern formation and spatio-temporal dy-
namics. In this type of systems, the laser action occurs
simultaneowsly for a considerable number of transverse
modes, characterized by large valuesof the radial and az-
imuthal indices[1]. Their coexistenceleadsin most cases
to patterns showing spatio-temporal behavior di cult to
be analyzed [2{4].

From a theoretical point of view, symmetry arguments
cansimplify the approacdh to the problem of formation and
dynamics of patterns. The equaions desribing a physi-
cal system (e.g the Maxwell-Bloch equaions in lasers,
or the Navier-Stokesequation in uids) can be reducedto
model equaions, such asthe complex Swift- Hoherberg [5],
Ginzburg-Landau [6] or Kuramoto-Svashinsky ones [7].
The application of the bifur cation theay to these model
equations leads to qualitative solutions helping in the in-
terpretation of the experimental resuts[8{10]. In thiscon-
text, the role of symmetries has beenproved to be essen-
tial in the understanding of the phenamena However, not
only the global symmetry, but also the small asymmetries
of the red systems have to be taken into accaunt to re-
produce the experimentally observed dynamics, as it can
be seenfor lasersystemsin [4,10{12].

Previous works performed using CO, lasers emitting
annularly symmetric intensity distributions [4,12], have
studied the role of in nites imal symmetry imperfections
of the system on the obsered spatio-temporal dynam-
ics. On the one hand, Huyet et al. [4] gave evidence of
their in uence on the dynamics of structures with high
azimuthal index. On the other hand, Labate et al. [12]
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analyzedthe caseof patterns with small azimuthal index
near threshold, whosetemporal behavior was theoretically
explained as a Takens-Bogdanov bifurcation. In thesetwo
references,transitions are reported betweendi erent pat-
terns, as well astemporal oscillations of the intensity in
same spatial structures: periodic oscillations in [4], and
aperiodic uctua tions determined by noise in [12].

Our study has beencertered on a wide aperture CO»
laserwith annular symmetry, obtained by using a toroidal
mirror as one of the cavity mirrors. This annular con g-
uration with toroidal mirror providesa stable resorator
that enableslaser action only for thosefamilies of patter ns
preservingthis symmetry, amongall the modespresert in
a wide gperture laser.

Acting on the cavity detuning while operating the laser
near the thresholdregion, we have experimertally studied
the competition among few transverse modes of the op-
tical cavity. This competition has beenshown to leadto
oscillatory or chaotic behavior. Experimental evidenceof
oscillatory or chaotic alternation of dier ent transverse
modes in an active optical systemwith large aperture had
beenalready o ered with respect to a photorefractive os-
cillator [13]. Howewer, oursisthe r st controllable pattern
alternation shown in aCO; laser.In orderto comparewith
numerical results, we have developed (departing from the
Maxwell-Bloch equations and taking into accourt break-
ing symmetry terms) the simplest model allowing the in-
terpretation of nonlinear interactions betweentwo di er-
ent annular patter ns. The derivation of the model includes
new coupling terms accounting for the interaction of pat-
ternswith di erert angular momenta. T he integration of
the resulting equations reproduces qualitativ ely most of
the experimentally obsened dynamics.

The paper is organizedasfollows: in Section 2, the ex-
perimental setup and resuts are shown. Section 3 includes
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Fig. 1. Outline of the experimental setup. From right to left:
M1 = toroidal mirror, W = window transparent to the infrared
laser emission, M2 = outcoupler, PZ = piezoelectric transla-
tor, PM = powermeter, BS = beam splitter, and FD = fast
detector.

numerical resuts, together with the derivation of the equa-
tions usedin the numerical integration. Finally, Section 4
providesa generalreview on the resultspreserted, and the
conclusions.

2 Experimental setup and results

The experimental setup consistsin a CO, laser with a
Fabry-Perot con guration. An outline of the experimental
deviceis sketched in Figure 1.

The 87-cm Fabry-Perot cavity consistsof a spherical
ZnSe outcoupler (38 mm diameter, 3000 mm radius of
curvature, 90%re ection), and an annular copper mirror
(1150mm radius of curvature, 90%re ection) con gured
by theinternal part of atorus, whoseinternal and external
radii are 8 mm and 26 mm, respectively. T he cavity length
(the distance betweenthesetwo mirrors) can be slightly
modi ed by acting on a piezcelectric translator sustaining
the outcoupler.

The active medium (4.5% CO,, 82%He, 135% Ny) is
pumped by mears of a high-voltage DC discharge. This
dischargeis producedin a cylindrical Pyrex tube (500mm
length, 35.4 mm internal diameter) by means of two elec-
trodesthat preserve the annular symmetry of the system.
All the experienceshave beenrealized for discharge cur-
rent valuesbetweenl17 and 18 mA, at an averagepressue
of 23 mbar (in these conditions, the threslold current is
betweenl15 and 16 mA).

By meansof a HgxCd; 4 Te fast detector, we monitor
the temporal ewolution of the laser intensity in a given
point of the pattern. The averageoutput power is mea-
sured by mears of a powermeter, and a CCD camera col-
lects the image of the laser mode formed on a thermal
imageplate.

In this paper, we will focuson the interaction between
two or more laser modes,that can be single-ring and also
double-ring patterns. In a previous work performed with
the same experimental con guration [14], we reported on
the single-ring structures, whosenumber of lobesis always
even, ranging from 22to 36. In the presen work, by mears
of a careful adjustment of thelaserparameters,we alsoob-
tain laser action on double-ring patter ns. These patter ns
set in only when the optical cavity is perfectly aligned
(a small tilt of the order of 10 * radians is su cien t to
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prevent their appearance) and the laser gain (which de-
pends on the discharge current and cooling temperature
of the circulating water) is optimized with regect to the
gasmixture averagepressue. Thesestructurescan be ob-
sened either in a continuous and in a discrete form con-
sisting of 34 lobesin both the external and internal rings
(both of them with the same azimuthal index).

All these patterns, except in regimesof competition
between them, show two di erent dynamical regimes:
namely, an oscillating regime (with frequency ranging
from 20 to 200 kHz), and a stable non oscillating regime.
In some rare casesthey can also display a low-frequency
irregular regime (frequency 70Hz).

In our experimental study, the cavity length has been
used as a control parameter, enabling the transitions be-
tweendi erent structures.Indeed variations of the cavity
length result into variations of the cavity detuning, and
the resonanceconditions for the di erert modes can be
sequetially obtained. It is also possibleto selecta regime
where two structures coexist, giving rise to diverse dy-
namical behaviors. alternancy between a regular oscilla-
tion and a non-oscillating regime, a single-frequencyoscil-
latio n displaying an amplitude modulation, the alternancy
betweentwo oscillating regimeswith di er ert frequencies,
and also windows of irregular temporal behavior. T he pas-
sage from regular to irregular oscillating regimes can be
visualized by meansof a Poincare section, performed by
plotting the intensity minima of the temporal evolution in
a given point of the pattern.

Figure 2 shows a situation where competition between
more than two single-ring patterns arises.In Figure 2a,
a period-1 regime can be seenaround t = 0:025 s, sand-
wiched betweenirregular regimeswherein subharmonicsof
the fundamental frequency( 21kHz) appear. Looking at
the power spectrum in theseirregular regimes (Fig. 2b),
the presence of the fundamental frequencyand its sub-
harmonics can be clearly noticed In Figures2c and 2d,
we report two exanples of irregular temporal oscillations.
The transition from a period-oneto an irregular oscillation
can be distinctly appreciated in Figure 2c.

The competition between a single- and a double-ring
pattern can be studied by changing the detuning start-
ing from the optimal alignment conditions for the two-
ring patter n. This double-ring structure has beenusually
found departing from a single annulus of 30 or 32 lobes.
An increase of the cavity detuning yields the two-ring
pattern, and evertually the subsequert appeararce of the
most stable single annulus of 24 lobes, usudly related to
higher power values The detuning variations involved in
this processare of the order of 50 MHz (the free spectral
range of the cavity is 170 MHz). In Figures 3a and 3b
we show the 24-lobe and the double-ring patter ns, respec-
tively. During the transitions betweenthem, there isa ma-
jor radial variation in the pattern shape (thereis a change
in the number of annulus of the structure, i.e., in the ra-
dial index). The obsenation of irregular temporal behav-
ior in this case con r msthat this featureisrelatedto the
competition regime betweendi erent laser modes, inde-
pendently of their radial indices In Figure 4, we report
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Fig. 2. Chaotic behavior in the interaction betweenmore than two single-ring patterns. (a) Minima of the intensity oscillatio ns.
It can be noticed the presence of irregular regimes. (b) Power spectrum showing the fundamental frequency (f 21 kHz)
together with di e rent subharmonics. (c) Transitions from a period-1 to an irregular regime. (d) Chaotic oscillations.

(a) (b)

Fig. 3. (a) 24-lobe pattern with a slight continuous contribution. (b) Image of the double-ring pattern with 34 lobes in both
annulus (the diameters of the internal and external rings are respectively 20 mm and 23.5 mm).
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Fig. 4. Transition to chaos during the coexistence of the single- and double-ring structures. (a) Period-doubling regime. (b)
Temporal represeration of theintensity in a chaotic regime. (¢) Stroboscopc record of theintensity, showing transitions between

period-doubling and a chaotic regime. (d) Power spectrum showing the fundamental frequency (f

53 kHz) together with the

subharmonics f=2 and f=3, aswell asdi erent combinations of them.

the temporal behavior occurring during the transition be-
tweenthe double-ring patter n and the 24-lobe single-ring
pattern. A clear period-doubling regme of the fundamen-
tal frequencyf (about 53 kHz) is presert in Figure 4a,
whereasFigure 4b givesan exanple of the strongly irreg-
ular behavior following that regime. A stroboscopc record
of the local intensity minima (Fig. 4c) shows clearly the
alternancy betweenthesetwo regimes. T he corresponding
power spectrum (Fig. 4d) contains not only the f=2 com-
ponert, but also the f=3 contribution and combinations
of them.

Finally, Figure 5a reports a non-uniform patter n, con-
sisting of a double ring with threereinforcedregions. This
patter n displays highly irregular oscillations. In Figure 5b
we report the power spectrum of the laserintensity, show-
ing the fundamental frequency(f 38.8 kHz), its subhar-
monic f=5 and di er ent combinations of them. Figure 5c
shows an alternation betweenregular and irregular osci-
lations.

3 Numerical analysis

The main dynamical features of the experimentally ob-
sened patterns can be captured by a simple model which
can be derived from the Maxwell-Blo ch equations:

@ ir?E= KE+gP
@P = 2P+ gEN (1)
@N = (N No g(E P+P E)

where @ stands for the partial derivative in time, r 2
@+ @ isthe Laplacian operator in the plane (x; y) trans-
verse to the direction of light propagation in the cavity;
E is the complex electromagnetic eld, P is the complex
polarization, N is the real population inversion, and N
is the value of the population inversion imposed by the
pump mechanism; g is the coupling coe cien t, ?=2!
(where c is the light speedin the vacuum, and ! is the
main frequencyfor the longitudinal resonance)k; -» and
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Fig. 5. Temporal evolution in a non-uniform double-ring pattern: (a) image of the non-uniform double-annulus structure;
(b) power spectrum; (c) temporal evolution of the minima in an intensity-versustime represertation.

x arethe decey ratesfor E; P and N, respectively. Equa-
tions (1) are obtained combining Maxwell equation for
the eld with Bloch equaions for the active material, by
Iter ing out a main longitudinal plane wave dependence
(of frequency! ) in the electromagnretic eld aswell asin
the polarization, and by considering the residual (secdar)
time and space variations of E and P.

In the following, we will make two further reductions.
The rst one consists in assuming our laserto behave as
a class B laser, that is to verify - v k. As a con-
sequencethe secondequation of (1) can be adiabatically
eliminated (@P  0) and the resuting expressbn for the
polarization (P = gEN= ,) can be substituted into the
r st and the thir d of equaions (1). The secand reduction
comesout by consideringthat all experimertal resultshere
reported correspond to pump values very closeto the las-

ing threshold. In these conditio ns, one can safely assume
that the dynamics of the laserreducesto a standard class
A laser,that is @N 0 [8]. De ning a saturation eld
jEsati? = 2 «=¢f, and supposing to work with values of

the eld such that JEj> j Esquj?, We obtain

1
jEj®

1+ - -
jEsati?

No: @)

Plugging (2) and the expressbn for P into (1), one obtains
a single equation for E:
NoE
iEi®
JEsatj?

92

?

E ir2E= KE
@ ir + 3)
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that can be further simplied by dening ki = Kk +
(9°= 2 )Np and ko = g®No=( » jEsatj?), and by approxi-
mating

1, B
L. JEP JEsatl?
Ecal?

The nal expressonis:

@E i r?E=kE kjEJ’E: (4)
Now, we have to make an assumption for the tr ansverse
dependenceof the electromagnetic eld. In the following,

we will consider

E(r;t) = Pi(r)e™ (zua(1)€M + zpo(t)e ™M)
+ Pa(r)e' (zo1(1)eM2 + zpp(t)e M2 )

(5
that is, we will consider the eld as composedby the su-
perposition of two annular patterns: two ring structures
(P1(r) and Py(r)) eat one corresponding to a di erert
angular momentum (my and my). In equation (5), (r; )
are the variables of the polar represertation of the trans-
verse plane, P1(r) and P»(r) aretwo di erert radial func-
tions, and z11(t); z12(t); z21(t); z22(t) are complex time de-
pendent variables. In practice, eac one-ring structure is
seenasthe combination of a rotating and a counterrotat-
ing wave, i.e., two transverse modeswith opposite angular
momertum.

Introducing the expresson (5) into the equation (4)
and collecting the termswith the same angular resorance,
the following set of complex equaion is obtained:

211 = A1zin Bizii(jzarj? + 2jz10j?)
Ci1z11(jZ21j% + j222j?)  Ci1Z22Z1521
212 = A1z B1z1p(jz12j? + 2jz1aj?)
Ciz12(jzanj? + jz22j?)  CiZ20Z41221
21 = Aozon Bozo1(jza1j? + 2j220)%)
Coza1(jz11j? + jz12?)  Caz12Zpp711
222 = AoZzz  Bazap(jzaaf” +2j221f°)

Cozoo(jznaj? + j212)°)  C2212Zy711  (6)
where dots denote temporal derivatives, and the parame-
ters A; B and C are given by:

Ap il +i—(n+ 0 n)+ Kn;
n

Bn = —; (")

(n =1;2). In equaions (7), the valuesof , , , ,
and can be related to the fundamertal parameters of
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the Maxwell-Blo ch equaions as follows

Z 4 Z,
d?Pa (r)
= Pn(r)dr, = dr,
n L n n L ar?
Z VA
t1dP(r) C 2 NP
"o, o dr neon rz
Z +1 z +1
n = ko Py (r)dr; 1= ke P1(r)PZ(r)dr;
1 1
z +1

®)

N
1

ko Pa(r)P2(r)dr:
1

An important outcome is that the parameters A are com-
plex, whereasB and C are real. The last step consistsin
seprating real and imaginary parts in the equations, by

writing z; = €% (I;j = 1;2). The resuting equations

are

21=<(A) u Bru(H+2 %) Ciul(h+ %)
C1 22 12 21CO0S;

12=<(A1) 12 B112(5+2 %) Ci s+ 3)
C1 22 11 21CO0S;

21=<(A2) 21 Br (542 %) Coau( 4+ %)
C2 12 22 11COS;

227 <(A2) 22 Bz 22( 5+2 %) Com( i+ %)
C2 12 21 11COS;

'31= =(A1) Ci( 22 12 212= 11)Sin ;

'12= =(A1) Ci( 22 11 21= 12)Sin;

'21= =(A2)+ Co( 12 22 11= 21)SiN ;

'20= =(A2)+ Co( 12 21 11= 22)SiNn ; 9)

where ="'21+"2 "11 1.

Equations (9) describe the dynamics of the system
closeto thresholdin a perfect cylindrical symmetry. In re-
alistic experimental conditio ns, it is unavoidable the pres-
enceof small imperfections breaking suc a symmetry. To
accaunt for symmetry breaking medanisms, we heuristi-
cally introduce a newterm to be added in the right hand
side of equation (6), which now becorre

211 = A1z11 Bizai(jza1j? + 2jz12j%)
Ciz11(jz1j? + j222j?)  CiZapzypzo1 + Z12
210 = A1z1p  Buzio(jzanj? + 2j243j°)
Ciz12(jz21j? + j222j?)  CiZ202y1201+ Z11
21 = AoZyr  Bozpi(jza1j? + 2jz25))
Cozon(jz1j? + jz12j?)  Coz1nzppzin + 222
20 = A2Zar  B2z2p(jZ22j? + 2221j%)
Cozao(jznj® + jz12j%)  Caz1zpzi1 + z21 (10)
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n=<(A1) u Bru(h+2 %) Ciu(h+ %) Cia 12 ncos + peoy" +'12 1)
2= <(A1) 12 B1 12(%+23) Ciaa(35+ %) Cia2 11 21C08 + pneoy' +'ur '12)
n=<(A2) 21 Bz a(5+2 %) Coa(i+ %) Coi2 22 mcos + 2coy" +'2 'o2)
2=<(A2) 22 B2 a(%+2 35) Coan(h+ %) Coi2 o2 ucos + acoy +'2a '22)
'"11==(A1) Ci( 22 12 2= 11)sin +(  w=a)sin(C +'12 "11)
"12==(A1) Ci( 2 11 2= 12)sin  +(  u=g)sin(C +'u ' 12)
"21= =(A2)+ Co( 12 2 1= 21)sin +( 2=o0)sin(C + "2 ')
'22==(A2)+ Co( 12 22 = 2)sin +( a=2)sin(C +'a ' 2) (11)
where = € isa complex parameter. It isimportant caseof a double ring structure with three reinforced re-

to remark that is the only parameter which cannot be
extracted directly from rst principles, sinceit dependson
the particular laboratory conditions. The parameter cor-
responds to a breaking of the rotational symmetry, which,
however, preserves the reectio nal symmetry. A similar
symmetry breaking term was considered in reference [12]
for studying the symmetry breaking e ects in the dynam-
ics of a single-ring patter n.

Another important remark on the structure of equa-
tions (10) is that, while the terms multiplied by the pa-
rameters B; and B, represert the inter-mode coupling
and they were already introducedin references[4,10,12],
the new terms multiplied by the parameters C; and C,
are the cross-node cortributions to the coupling. These
terms (here directly extracted from the Maxwell-Bloch
eguations) are consideredin order to describe the interac-
tion betweenmodeshaving di er ent angular momernta.

The new equations are

see eguations (11) atove.

It is interesting to analyze the obtained equaions. First of
all, the parameters A can be interpreted as the e ective
gain of each mode, whereasthe parameters B represen
the interaction of the two componerts of the same radial
mode (the propagating and counterpropagating wave at
the same m). By comparing our resultswith the equations
obtained by Labate et al. [12], one can easily realize that
theselast ones are the particular caseof equations (11)
when C = 0. The terms which are multiplied by C (di-
rectly derived from the Maxwell-Blo ch equations)describe
the interaction betweendi er ent radial modes,and will be
taken di erert than zeroin all our numerics.
Furthermore, the expressons for B and C are compli-
cated functions of the radial shape of the mode. There-
fore, if the selectedmodes show similar radial shapes (as
e.g in the case of two modes with similar azimuthal in-

dex), the correspnding parameters will verify B;  Bg
and C; C,. Asfor , we have assumed the same values
reported in reference [12] ( = 0:5,' = 1:059), which

corveniently describe a typical laboratory situation.

In the following, we have integrated equations (11) so
as to reproduce numerically the main features of the ex-
perimental resuts. Our rst step was to reproduce the

gions (seeFig. 5). To this purpose, we have selected the
following Gauss-Lagterre functions in equation (5)
s

! 2
P = P e
s
P,(r) = 192:( 2r2 + my + 1)(2r2)m==2 P e
(M2 + p2)!
(12)

with my =14;,m, =17;p1 =0;p2 = 1, where index 1 (2)
corresponds to a 28-lobe single-ring (34-lobe double-ring)
pattern. In equations (12), my., (p1.2) are the azimuthal
(radial) indices. The Gauss-Laglerre modes can be con
sidered, indeed, a sensible basis onto which to project
the laser equations [17] (see also the review paper [1]).
In Figure 6 we report a simulation of system (11) with
Al = AL = 1:4489A) = 1;A, = 4;B; = 1:05B; =
0:15C1 = C, =0:1;, =0:5" =1:059.The two func-
tions involved are represerted in Figures6a and 6b. The
competition between these two patterns givesrise to a
structure composedby two rings with threereinforcedre-
gions (Fig. 6¢), assaiated with an irregular temporal evo-
lution of the laserintensity (Fig. 6e), whose power spec-
trum (Fig. 6d) is dominated by two main frequencieswith
all nonlinear combinations.

The caseof an emerging single ring structure can be
also simulated in equations (11), by selecting

S
— 2 2ymy=2 pl' r2.
Pi(r) = p=(2r°) e+ )l pl)!e
s
2 _ ! .
Po(r) = pe(2r?)M2=2 7(m2p+2 e 03

wherep; = p, =0;my =12;m, = 14 (two single-ring pat-
terns with 24 and 28 lobes, respectively). The resuts are
reported in Figure 7 for the following parameter choice:

" = A, = 1:4489A = 13;A, =12;B; = 0:5B;, =
1,C; = C,=0:1;, =0:5" =1:059.Theresdting pat-
tern is shown in Figure 7a. Figure 7b reports the power
spectrum of the irregular temporal ewlution of the laser
intensity.
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M.L. Ramon et al.: Pattern dynamics in an annular CO, laser

4 Conclusions

In this paper we have reported experimental evidenceof
di erent dynamical regimesarising from the competition
of annular patternsin a CO, laser. Chaotic regimes have
beenobsened during the coexistenceof di erent patterns.
To reproduce qualitativ ely the experimentally detected
phenomena, we have derived a numerical model from the
Maxwell-Bloch equdions, including symmetry breaking
terms and new cross-mode coupling terms, which enables
the interpretation of the main experimental features.
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