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Control of Defectsand SpacelikeStructures in DelayedDynamical Systems
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In many nonequilibriumdynamicalsituationsdelaysare crucial in inducing chaotic scenarios. In
particular, a delayedfeedbackin an oscillator can break the regular oscillation into trains mutually
uncorrelatedin phase,whereby the phase jumps are localized as defects in an extendedsystem.
We show that an adaptivecontrol procedureis effective in suppressingthesedefectsand stabilizing
the regular oscillations. The analysisof the transienttimes for achievingcontrol demonstratesthat
stabilizationis obtainedwithin an amplitudeturbulentregime,analogousto what is presentin spatially
distributedsystems. The control techniqueis robustagainstthe presenceof large amountsof noise.
[S0031-9007(97)04933-8]
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Sincethe original ideaof Ott, Grebogi,andYorke [1],
many different theoreticalschemes[2] and experimental
applications[3] have faced the problem of controlling
unstableperiodic orbits (UPO's) in chaoticconcentrated
systems,i.e., in systemsmodeledby ordinarydifferential
equations.

Someproposalsof controlling spatially extendedsys-
tems,i.e., systemsruled by partial differential equations
whoseorderparametery is a m dimensionalvector(m $
1) in phasespace,with k components(k $ 1) in realspace,
havebeenput forward for the casek ­ 2 [4]. However,
experimentallyimplementabletools havenot yet beenin-
troducedfor controlling unstableperiodicpatterns(UPP)
in extendedsystems.

The essentialproblems arising in the passagefrom
concentratedto extendedsystemsare alreadypresentin
delayeddynamicalsystems,i.e., systemsruledby

Ùy ­ F sy, ydd, (1)
where y ­ ystd [ Rm, dot denotestemporalderivative,
F is a nonlinearfunction,andyd ; yst 2 Td, T beinga
time delay.

Experimentalevidenceof theanalogybetweendelayed
andextendedsystemswasprovidedfor a CO2 laserwith
delayedfeedback[5] andsupportedby a theoreticalmodel
[6]. Most of thestatisticalindicatorsfor delayedsystems,
suchas the fractal dimensions,are extensiveparameters
proportionalto T, which thus plays a role analogousto
thesizefor theextendedcase[7].

The conversionfrom the former to the latter caseis
basedon a two variabletime representation,de�ned by

t ­ s 1 uT , (2)
where0 # s # T is a continuousspacelikevariableand
u [ N plays the role of a discretetemporalvariable[5].
By sucha representationthelong rangeinteractionsintro-
ducedby thedelayarereinterpretedasshortrangeinterac-
tions alongthe u direction,sincenow yd ; yss , u 2 1d.
In this framework, the formation and propagationof

space-timestructures,asdefectsand/orspatiotemporalin-
termittencycanbeidenti�ed [5,6].

When T is larger than the oscillating period of the
system,the behaviorof a delayedsystemis analogousto
anextendedonewith k ­ 1. In particular,it maydisplay
phase defects, i.e., points where the phase suddenly
changesits valueandtheamplitudegoesto zero.

In this Letter we introducea control techniqueto sup-
pressthesedefects,stabilizingtheoscillationsof adelayed
system. The control restoresregularpatternsin two dif-
ferentchaoticregimes,namely,phaseturbulenceandam-
plitude turbulence,this last one implying the presenceof
a largenumberof defects. Thecontrolef�ciency persists
evenin thepresenceof a largeamountof noise.

For the sakeof exempli�cation, we makereferenceto
the following delayeddynamics:

ÙA ­ «A 1 b 1A2st 2 TdA 1 b 2A4st 2 TdA , (3)

Ù« ­ m
µ
S 2

m1

m
« 2 kA2

¶
. (4)

Here,all quantitiesare real. A is an order parameter,
« is the time-dependentlinear gain, b 1, b 2, m1, k are
suitable �xed parameters,m is a measureof the ratio
betweenthe characteristictime scalesfor A and «, and
S is a measureof thepowerprovidedto thesystem.

Equations(3) and(4) arerathergeneral. For instance,
when T ­ 0, S , 0, b 1 . 0, b 2 , 0, m . 0, m1 . 0,
k . 0 they modelan excitablesystem,producingthe so
calledLeontovitchbifurcation,evidenceof whichhasbeen
shownexperimentallyonaCO2 laserwith intracavitysatu-
rableabsorber[8]. ForT Þ 0, theyaresimilarto themod-
els alreadyusedto describeself-sustainedoscillationsof
con�ned jets[9], or memoryinducedlow frequencyoscil-
lationsin closedconvectionboxes[10], or eventhepulsed
dynamicsof a fountain [11]. Equations(3) and(4) have
beenfound also to be a good model for the temperature
evolution in a well controlledtime-dependentconvection

5246 0031-9007y97y79(26)y5246(4)ƒ10.00 Ž 1997 TheAmericanPhysicalSociety



VOLUME 79, NUMBER 26 P HY S I CA L REV I E W L E T T ER S 29 DECEMBER1997

experiment[12]. For conveniencewe spenda few words
to recall the main featuresof suchanexperiment,sinceit
providesevidenceof thedefectswe want to control.

A cylindrical layer (diameter128 mm) of silicon oil
(depth15 mm) is heatedfrom below by a squareheater
limited to the centralpart of the container[side 68 mm,
crosssectionin Fig. 1(a)]. Theheateris surroundedby the
sameinsulatingmaterialof thevessel.A convectiveinsta-
bility drivensimultaneouslyby buoyancyandtemperature
dependentsurfacetension(80% and 20%, respectively),
called Bénard-Marangoniconvection,grows as the heat-
ing is increased.A steadystateis reachedandastationary
patterncomposedof four convectivecells appearsin the
hot region. Additional detailson this experimentcanbe
found in Ref. [12].

If the heating is further increased,a time-dependent
regime arisesconsistingin spatiotemporalmodulations,
or thermals,generatedat the bottom boundarylayer and
thendraggedby the 
ow alongthe cell ascanbe seenin
Fig. 1(a). This con�guration providesa naturaldelayed
interactioninsofarasit reiteratesat eachpositionthelocal
valueof theorderparameterafteradelayT, corresponding
to the time lag necessaryfor the trip of the cell. In this
situation,anexperimentalmeasurementof thetemperature
at thepointP of Fig. 1(a)yieldsthedataof Fig. 1(b). The
verticalaxis(temperature)is takenasrepresentativeof the
order parameterA. The main featureof this experiment
consistsof trains of modulatedoscillations, interrupted
by localizedevents(phasedefects),whereinthe phaseof
the signalchangessuddenlyand the amplitudedecreases
to zero.

Therelaxationoscillationsarerepresentedby thenormal
form of a Hopf bifurcation[Eq. (3)], in which thesaturat-
ing termsare delayedto accountfor the transportof the
convectivecell. Equation(4) representsthe slow evolu-
tion (m , 1) of thecontrolparameter«, whichis enhanced
by the externalpumpS anddepressedby the convective
motion(2 kA2) which tendsto uniformizetop andbottom
temperatures.Equations(3) and(4) reproducesatisfacto-
rily theexperimentalsignalfor ratherlong delays,andcan
be consideredas an adequatemodel of the situationwe
want to control.

The adaptivemethodwe are going to apply is by no
meansrestrictedto Eqs.(3) and (4). In fact, it applies
successfullyto muchsimplermodelsastheonein Ref. [6]
for a CO2 laser with delayed feedback,which indeed
displaysphasedefectsasthosereportedon Fig. 1.

Let us seehow phasedefectsemerge. We adjust the
pump and delay parametersS and T of Eqs.(3) and (4)
so that the systementersthe chaoticregion. This region,
in fact, is split into two different regimes. For low T
values,chaosis due to a local chaotic evolution of the
phase,whereasno appreciableamplitude
uctuations are
observed.We call this regimephaseturbulence(PT). By
increasingT, we observea transition toward amplitude
turbulence(AT), wherein the dynamicsis dominatedby
the amplitude
uctuations, anda largenumberof defects

FIG. 1. (a) Crosssectionof the experimentalsetup. A hot
drop (thermal) is dragged by the 
ow and then reinjected
into the heating region after having completeda round trip
of the cell in a mean time T. P indicatesthe point where
temperatureis measured.(b) Experimentaltime behaviorof the
temperatureat thepoint P. Vertical axisreportsthetemperature
in arbitrary units, horizontal axis reports the time in seconds
(T ­ 330 sec). (c) Expandedview of the signal within the
arrowswhich exhibits a phasejump (solid line) and reference
signal translatedby T (dashedline).

is present. Both PT andAT havecounterpartsin a one-
dimensionalcomplex Ginzburg-Landauequation. Here
the parameterspaceshowsa transitionfrom a regimeof
stableplanewavestowardPT (Benjamin-Fairinstability),
followed by anothertransition to AT with evidenceof
space-timedefects[13].

We succeedin controllingboth regimesby anadaptive
techniquerecentlyintroducedfor chaosrecognition[14],
andappliedto chaoscontrolonconcentratedsystems[15],
chaossynchronization[16], targetingof chaos[17], and�l-
teringof noisefrom chaoticdatasets[18]. This technique
addsiteratively a small correctionUstdto Eq. (3), asfol-
lows. At time tn1 1 ­ tn 1 t n (t n beinganadaptiveob-
servationtime interval to be later speci�ed), the observer
de�nesthevariationAstn1 1 2 TH d2 Astn1 1dbetweenthe
actualvalueof A and the valuedelayedby the periodof
theUPOto becontrolled(TH beingtheHopf period). The
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correspondingvariationrate

l n1 1 ­
1
t n

log
‚

Astn1 1 2 TH d2 Astn1 1d
Astn 2 TH d2 Astnd

‚
(5)

allowsoneto selecta newtime interval, throughtherule

t n1 1 ­ t nf1 2 tanhsgl n1 1dg, g . 0 , (6)

and,consequently,a new observationat the time tn1 2 ­
tn1 1 1 t n1 1. Thecontrolling termis givenby

Ustd­
1

t n1 1
fAst 2 TH d2 Astdg. (7)

The details of the algorithm have been given in
Refs.[14{ 18]. For practical purposes,the following
approximationholds. Let kt l denotethe averageof the
t n set,thenEq. (6) canbewritten as

t n1 1 . k t l s1 2 gl n1 1d, (8)

where(i) t n hasbeenreplacedwith its ensembleaverage,
and (ii) the tanh function hasbeenlinearized. Point (i)
correspondsto �xing onceforevera referencetime scale
for the processunderstudy,while point (ii) corresponds
to selectinga convenientlysmall g to keepgl n1 1 always
within the linear regionof the tanhfunction. In thesame
way, Eq. (5) canalsobe linearizedas

l std .
1

kt l

ÙAstd2 ÙAst 2 TH d
Astd2 Ast 2 TH d

, (9)

wherewe havefurther approximatedthe discretizedstro-
boscopicobservationswith acontinuousinspection.Com-
bining Eqs.(8) and(9) into Eq. (7), this reducesto

Ustd ­ K1fAst 2 TH d2 Astdg

1 K2f ÙAst 2 TH d2 ÙAstdg, (10)

with K1 ­ 1
kt l andK2 ­ g

kt l 2 . The consequencesof this
approximationareinteresting. Firstof all, for K2 ­ 0 one
recoversthe Pyragascontrol method[19]. However, in
our case,K1 and K2 can be independentlyselected,and
this introducesanextradegreeof freedomwith respectto
Ref. [19]. Now, the control is more activewhen the er-
ror is increasingandvice versa,so reducingoscillations.
Indeed,Eq. (10)performsasaproportionalderivativecon-
troller, themoreusualactionfor stabilizingfeedbacklinear
systems,dueto its effectwhich consistsof increasingthe
phaseof the compensatedsystemin a suitablefrequency
band[20].

In Fig. 2 we report the applicationof our methodto
Eqs.(3) and (4). The desiredoscillation, which in the
space-timerepresentationgives rise to a roll set, is con-
trolled in PT [Fig. 2(a)] and in AT [Fig. 2(b)]. Going
backto the abovediscussion,the resultsshowthat,while
thechoiceK1 ­ K2 ­ 0.2assurestheroll stabilizationfor
small perturbations(the A dynamicsrangesfrom 0 to 2),
�xing K2 ­ 0 asin thePyragas'casewould haveimplied
prohibitively largeK1 valuesfor obtainingthesamestabil-
ization(in our tests,if K2 ­ 0, K1 shouldbe10), resulting
in very large perturbationsof the system,which eventu-

FIG. 2. Space(s )-time(u) representationof the controlling
processfor Eqs.(3) and(4). b 1 ­ 1, b 2 ­ 2 1y16, m ­ 0.8,
m1 ­ 0.8, k ­ 11, S ­ 5.5, TH ­ 1.95. (a) T ­ 15, PT
regime. The chaotic dynamics results in a local turbulent
phase of the Hopf oscillation which is corrected by the
controlling algorithm. K1 ­ K2 ­ 0.2. Arrow indicatesthe
instant at which control is switched on. (b) T ­ 50, AT
regime. The dynamicsis dominatedby amplitude
uctuations,
with the presenceof defects. The algorithm(K1 ­ K2 ­ 0.2)
suppressesthe defects and restores the regular oscillation.
Arrow indicatesthe instant at which control is switched on.
(c) Pyragas'method. T ­ 50, AT regime. The dynamicsis
�rst perturbedwith K1 ­ 0.2,K2 ­ 0 (�rst arrow). To achieve
control with K2 ­ 0 it is necessaryto selectK1 ­ 10 (second
arrow), which, however,producesa large amplitudedistortion
(the amplitudeof the controlledoscillation is now one half of
the amplitudeof the Hopf one).

ally give rise to relevantdistortionsof the roll amplitudes
[Fig. 2(c)].

The stabilization consistsin suppressingthe defects
presentin the AT regime. Suppose,indeed,that some
defectsare presentat the beginning of the controlling
procedure. The spontaneouslifetime Ta of a defectcan
beevaluatedin a freerunning(no control) situation. The
scaling behaviorof Ta as a function of the delay time
T dependson the nature of the turbulent process[5].
Namely, in AT, Ta scalesquadraticallywith T. When
a control is applied,we expectit to be effective after a
transienttime Tt of theorderof Ta. Thusa measurement
of Tt providesanestimateof the lifetime Ta.
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FIG. 3. Plot of the ratio TtyT as a function of TyTH (see
text for de�nitions). The quadraticscalingof Tt sTd con�rms
that control is achievedwithin AT. Sameparametersas in the
captionof Fig. 2. For all casesK1 ­ K2 ­ 0.2.

In Fig. 3 we havereportedthe scalingbehaviorof Tt

T

asa functionof T
TH

. Eachpoint correspondsto a Tt value
averagedover 20 independentrealizationsof the control
process. The quadraticscalingof TtsTd again con�rms
thatcontrol is achievedwithin AT.

Finally, let us discussthe robustnessof our procedure
againstexternalnoise. For this purpose,we add white
noise to the measuredA valuesbefore the onsetof the
adaptivefeedbackcontrol. Notice that thenoisedoesnot
actadditively, insofarasit is reinjectedinto thenonlinear

FIG. 4. T ­ 50, AT with 10% noise (a) and 20% noise
(b). Control with K1 ­ K2 ­ 0.2. Same stipulations and
parametersas in the caption of Fig. 2. Arrows indicate the
instantat which control is switchedon.

equationsthrough the control feedback,henceaffecting
dynamicallytheevolutionof thesystem. A relevantresult
is thatourmethodis robustagainstlargeamountsof noise.
In Fig. 4 thecontrol is achievedwithin AT for 10%noise
[Fig. 4(a)] andfor 20%noise[Fig. 4(b)]. Thecontrolled
UPOis slightly distortedby theactionof thenoisefedback
into thesystem.

In conclusion,we haveintroduceda controlschemefor
stabilizing delayedsystems. Its implementationis easy,
andexperimentalapplicationis in progressandit will be
reportedelsewhere.
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