Pattern formation and competition in photorefractive osciliators
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We introduce a general model of pattern formation in optical systems made of a cavity with an
active medium as a photorefractive crystal fed by a pump. The model is based on the interplay of
a diffractive equation for the optical field and a diffusive equation for the medium refractivity. The
aim of the model is to describe a series of experiments which have shown mode competition
{periodic or chaotic alternation) for low Fresnel numbers (F) and mode coexistence, leading to short
range space correlations, for high F. For low F, a linear stability analysis provides the set of modes
above threshold as a function of the transverse wave number. Due to the interplay of the optical and
the diffusive interactions, different behaviors result depending on the thickness of the medium as
compared to the optical absorption length and diffusion length. Including the leading nonlinearities
compatible with the symmetry constraints, we introduce normal form equations which describe the
time-dependent mode competition. In the case of a large number of modes (high F), nonlinear
mode—mode interaction is equivalent to a self-induced noise. In this limit, the relevant feature to be
compared with the experiment is the power spectrum.

I. INTRODUCTION

The paradigm of morphogenetic phenomena is the Tur-
ing model' of two chemical species coupled by reaction dif-
fusion equations, one species being the activator and the
other the inhibitor. The concentration fields ¢,;(r,f) (i=1,2)
of the two species can destabilize out of the uniform solution
toward time-independent patterns with a length scale of the
order of (I;1;)"2 [I;=(D;r)"* is the diffusion length of
species #, having diffusion constant D; and relaxation time
;] provided that r,=7 and D ;<<D,. For different param-
eters, the fields can be uniform in space but time dependent
(Hopf instability®). Finally Turing morphogenetic equations
may also provide both space- and time-dependent phenom-
ena (Turing—Hopf patterns).®

The main feature of Turing morphogenesis is that the
patterns are independent from boundary parameters as well
as from the geometry of the containers, since the only sizes
which matter are those appearing in the equations of motion.

In the optical case, morphogenesis emerges from the in-
teraction of an optical field ruled by a diffractive equation,
with a medium susceptibility ruled by a diffusion equation.
Optical morphogenesis, being ruled by diffraction, that is, by
coherent transport of a phase term over a given length, pro-
vides pattern sizes which depend on some geometric param-
eter of the cavity.* The coupling with the diffusive medium
has been so far considered in the thin medium case (longitu-
dinal size of the medium smaller than the diffusion length®5).

A further distinetion to be introduced is that between
passive and active optical morphogenesis. In the former case,
an input field is distorted while propagating in a closed loop
(cavity containing an optical medium). In the latter one, the
intracavity medium is fed by an external pump and the cor-
responding excitation gives rise to the spontaneous emer-
gence of a cavity field. Thus, passive morphogenesis consists
in the distortion of a uniform input field toward a new con-
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figuration, while active morphogenesis consists in the ap-
pearance of a field out of vacuum. The most studied passive
system is a cavity with a Kerr medium within which a field
undergoes a dephasing, and which has a source term propor-
tional to the square of the field.>® This case has been dealt
with in many experimental situations, including nonlocal in-
teraction due. to rotation and translation of the transverse op-
tical pattern in the feedback loop.” 1

For the active case, one class widely studied is that of
laser phenomena, where the active medium is usually mod-
eled as a collection of pumped two level atoms.' ' Another
class, on which there is a wealth of experimental studies, is
that of the photorefractive oscillators,'*~** The main advan-
tage of the photorefractive optics is that its time scales are so
slow, that many transient features can be followed in real
time and compared with the model, whereas in the laser case
only time-integrated patterns are available thus far, and a
breakthrough is necessary in order to reach a satisfactory
match between models and experiments. This paper is an
attempt to build a coherent model for photorefractive mor-
phogenesis, comparing the theoretical results with the wealth
of experimental features reported recently.

In these systems the active medium is an array of dipoles
made of free electrons and fixed donors. In the dark, the
donor atoms are neutrals. As a pump and a signal field im-
pinge on the mediur, the large intensity corresponding to the
interference peaks ionize the donors yielding a space charge
field of free electrons. The space charge undergoes local re-
laxation (recombination processes), diffusion, and drift in the
presence of an applied DC field. The space charge grating
scatters energy from the pump into the signal direction. Even
in the absence of a macroscopic signal field (signal in the
vacuuum state), the creation operator of the signal field starts
the process. As in the case of the lasers, even though the
initial seed is quantum, a classical description is sufficient
for all purposes.

The geometry of the experiment is shown in Fig. 1. For
a fixed pump intensity and angle @ between pump and cavity
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FIG. 1. Schematic setup of active optical morphogencsis. The photorefrac-
tive crystal (PR}, of thickness /, is pumped by a laser field £, and driven by
a transverse DC voltage E . The emitted field is confined in a ring cavity
made of four mirrors, a lens, and a pupil @ which controls the Fresnel
number. The frec propagation length 4 in which diffraction is cffective is the
fraction of the overall cavity length L not compensated by the imaging
propertics of the lens.

axis, the dynamics is ruled by two control parameters, the
DC field Epc applied across the crystal, in a direction paral-
lel to the grating wave vector, and the aperture a of the pupil
of the cavity, which controls the Fresnel number F, that is,
the number N=F? of cavity modes. Here we call cavity
modes the free field configurations allowed by the boundary
conditions; Ep imposes a drift velocity to free charges, and
hence a Doppler shift between incident and scattered wave.

Increase of the extensive parameter F for fixed pump
and E ¢ induces a series of bifurcations described in Ref. 16.
For low F(F=4) a single mode per time appears, but a
given number N of modes, limited by the relation N<F2,
competes sequentially. This means that each of the N modes
survives for a given time, and then it is replaced by another
one and so on, in a pericdic fashion. This phenomenon was
called periodic alternation (PA). It differs from the so-called
antiphase states™ insofar as only one specific ordered se-
quence appears, that in which the mode azimuthal number
decreases from the largest value to zero, and then it jumps
again to the largest one, and so on. This sequence is regular-
ized when an axial stop quenches the TEM,, (on axis)
mode.'® As a matter of fact, an annular diaphragm provides a
sequence of competing modes as shown in Fig. 3 of Ref. 15,
where the modes differ only for the azimuthal quantum num-
ber. For increasing F(F~4)} the persistence time of each
mode is irregular (chaotic alternation: CA). Away from the
narrow switching time intervals, both in PA and CA the
amount of mode mixing is negligible.

A phenomenon similar to CA, called chaotic itinerancy,
was introduced by lkeda et al.,24 Otsuka,25 Kaneko,26 and
Tsuda? in dealing with numerical solutions of different
classes of model equations, namely, a one-dimensional
laser,* an array of coupled lasers, globally coupled itera-
tion maps,26 and nonequilibrium neural networks.”” In fact,

this latter phenomenon includes erratic jumps atong the
available quasistationary states, whereas CA keeps the se-
quence ordering. Such is the case in the experiment of Ref.
15, even though it was initially called chaotic itinerancy.

Both in PA and CA the existence of one mode per time is
confirmed by measuring the spatial correlation function
C(p) of the intensity fluctuations 8 (r,£)=I(r,t)—{I(r.1)},
where {} denotes time average,

C(p)={a1(0,1) 8I{p,1)}, (1)

and checking that C{p) has a decay length equal to the wave-
front size.

As F increases, pure cavity modes no longer alternate
but they coexist at the same time with little mutual correla-
tion, as shown by the shrinking of the correlation length. The
many bright spots which are observed on the wave front or,
equivalently, the intermingled dark spots giving rise to phase
singularities, are no longer lying in a regular pattern. In fact
what we now observe is an almost stochastic pattern. In anal-
ogy with the hydrodynamic models® this regime is called
space—time chaos (STC) and it may be characterized in
terms of the statistical moments of the local fluctuations as
done in Ref. 15.

The phenomenology summarized here appears unusual
as compared with previous treatments of space—time insta-
bilities of extended nonlinear excited media.

Two different models are currently used to describe
light-induced charge transport in photorefractive materials:
the band transport model by Kukhtarev et al.? and the hop-
ping model by Feinberg et al3® In the Feinberg model,
charge carriers are assumed to experience jumps among trap
sites, with a rate which is function of the distance. The
Kukhtarev band transport model involves coherent motion of
the photoexcited carriers between scattering events by lattice
imperfections and phonens. In fact, both models provide es-
sentially equivalent descriptions of the process,> although
they use a different language and a different set of physical
parameters. However, the band transport model is more gen-
erally used and is better accommodated in the standard
analysis of carrier migration in insulating and semiconductor
materials. For these reasons, we will also make use of this
model.

The paper is organized as follows. In Sec. Il we derive
the coupled field and material equations. As for the latter
one, we introduce an equivalent collective dynamics, based
on the relevant measured space and time scales, and account-
ing also for saturation.

In Sec. III we perform a linear stability analysis and
classify the band of unstable modes and we consider a set of
fixed point solutions coupled by the leading nonlinearities
compatible with the symmetry constraints (normal form
equations) and thus we recover the observed phenomena of
mode competition (PA and CA). In Sec. IV we consider the
high Fresne! number regime. In such a case, all modes below
threshold provide a self-induced noise input. We will show
that this is the equivalent in wave-number space of the noise
induced by the modes below threshold in frequency space in
the one-dimensional laser model (Maxwell-Bloch
turbulence®). The presence of a noise source forbids a de-
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terministic treatment. It provides an explanation for the short

range space correlations which characterize the high F re- -

gime. Taking the noise as white, we can evaluate the power
spectrom of the emitted field and compare it with the experi-
ment.

Il. MODEL EQUATIONS

We aim at building a specific model which contains all

the relevant physical aspects of the experiment described

Jo=31e] SaLGA Gopuiio “peid LSl oAl

above w1thout recurring to unnecessary microscopic assump-
tions. The requirement is that all the relevant parameters
should be characterized by the experimental setup shown in

Fig. 1 plus the addition of simple optical measurement of

bulk properties done on the crystal without cavity.*®

The two wave mixing gives rise to a grating which
breaks the cylindrical symmetry of the cavity. The grating
spacing is

27 2w 5
kq being the wave number of the pump, and #<€1 the angle
between the two waves, which in the experiment® is opti-
mized at #=1/60 rad.

Introducing an x,y,z coordinate system with z along the
cavity axis, x-z being the plane which contains the propaga-
tion directions of the two fields E p and E, and with the
origin at the intersection of the input face of the crystal with

the cavity axis, the equation for the total field £=£ ptE s

= — wd*P rect(z/1), 3)

where rect(z/l)*“l for 0<<z<<I and rect(2/1)=0 elsewhere, !
being the crystal thickness. The derivative s1gns are abbrevi-
ated as, e.g., 9 for &%/, etc.

Since the cavity length L is much 10nger than I, the
source term on the right-hand side is strongly localized. The
polarization is given by

= EUXE (4)

where the susceptibility field ;((r_L 20 =(x,y) stays for
the transverse coordinate] obeys the equation

1 - .
(&,+ ;—DVz)x=f(E), (5)

where V=¢>+d;+ 2=V} +4; .

Equation (5) arises from the following considerations.
The two-wave mixing gives rise to a space charge field
x(7,t), consisting of a dipole distribution created by the off-
set of the free electrons with respect to the fixed donors in
the BSO material. The collective wave y decays locally with
a lifetime 7 and diffuses at a rate 7, Direct measurement on
the crystal used provide a value 7=1 s (Ref. 20), while val-
ues of D reported in the literature® are spread in the range
1071071 m%s.

In order to solve Egs. (3)-(5), we first isolate a fast
varying part in z and ¢ from the slow space—time dependence
which is relevant for the dynamics, by writing

E=E e~ Moty E(x ;z,t)e™ ke, {6)

This way, we have extracted from the cavity field a plane
wave along the cavity axis (k along z), thus £ includes the
full dependence on r, plus the residual slow dependence on
z and £.

The applied DC field Epc in the x direction induces a
space charge drift, with a speed v, thus, from Eq. (2), the
scattering grating provides a frequency offset along x given
by

\Q=Udk09. (7)

Consequently, the cavity field has a frequency w detuned
with respect to the pump frequency wy, by

w=wy— ). _ ®)

In the rest of the paper, we will neglect this detuning for the
following reasons. As we shall see, calling g the wave num-
ber of transverse fluctuations (|g,,,|=100 cm™") diffraction
along the free propagation length d inside the cavity intro-
duces a space dephasing d¢y=g°d/2ky=0(1) for each g -
component. On the other hand, since the bandwidth of the
active medium is very narrow (Av=1/7=1s"") and all oscil-
latory modes are pulled within that line, this means that the
mutual dephasing after a round-trip due to different mode
frequencies is of the order of Sg=ApL/c=10"%, and thus
completely negligible with respect to ¢, . In the following,
we will not consider the effects of detuning in the stability
analysis.

By use of Eq. (6) and neglecting the second “slow’
derivatives (so called eikonal approxxmatlon), the * kernel
reduces to 8,+cd,— (ic/2k)V3 . Furthermore, we approxi-
mate §*P= —sz By Fourier expansion of the transverse
dependence r, —Kk, the product xE of Eq. (4) transforms into
a convolution. In this one, only the two components

Xo=x(k=0)
and
x=x(—K=k—ky),

multiplied, respectively, by the cavity and pump fields, yield
phase matched contributions to Eq. (4). Precisely, Eq. (3)
becomes

3

ic _, iw z
3,-5*66"1“5[; VIiIE 5 (XOE'f')(Ep)I'eCE 7
| iw o 'l'!r\\ ( Z\ ety
=\——2—xf,p—uzjrect\ T}' {9

In writing the last line we have taken into account only the
imaginary part of yo=xp+ixp through I'=—(w/2)x;. This
corresponds to a transmission loss of the crystal in the ab-
sence of pump which persists unmodified even with pump.
The real part of y; induces a renormalization of ¢ which is

- irrelevant for the field equation, since it has to be weighted

by the cavity filling factor //L €1, Thus the material equa-
tion (5) provides the evolution for the envelope of the sus-
ceptibility

x=x(r, ,z,r)e’Fs— 00, (10)
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By the same argument of separation of fast and slow
variables in the longitudinal dependence used in going from
Eq. (3) to (9), matching of the phases which appear in the
exponentials of (10) and (6) accounts for the “fast™ space
variations on a scale

2w

K

{6~1/60, A~0.5 gm).
By the above scale consideration, we can rewrite the
equation for the x amplitude as

A
A= 2 =30 um

1 ) E*E( |E|*
+——DV x(r, ,z,6)= rlEplz I—l-é-;l-g

where the source term is derived from the Kukhtarev model,
with the assumption |E|<€|E | and r is the complex photo-
refractive coefficient. It has to be underlined that, in order to
derive a single equation starting from the Kukhtarev set of
three coupled nonlinear partial differential equations, a pro-
jection onto a single plane wave has been adopted.”” A more
complete approach, taking into account also the slow spatial
variations of the variables, is still lacking. In order fo over-
come this difficulty, we relax the single plane wave approxi-
mation by introducing a diffusion term in the LHS of Eq.
(11). The presence of this diffusion term in the material
equation represents an important difference with respect to a
recent model for a photorefractive oscillator. Furthermore,
that model is specialized to the case Ep,=0, thus leading to
a purely imaginary r coefficient. The left-hand side of Eq.
(11) is justified as follows:  is due to the dipole array made
by free electrons and fixed donors. It is quenched either by
local recombination processes (relaxation time 7) or by dif-
fusion of electrons.

The wave number K at which the Bragg scaitering line
has to be positioned was measured by optimizing the photo-
refractive gain in a single pass ampliﬁc:ation.20

The coupled equations {9) and (11) describe the dynam-
ics of the photorefractive oscillator. The two equations imply
two very different time scales. Integration of ¥q. (9) over z
includes the right-hand source term on a thin slice {<€L plus
a free propagation along the rest of the cavity of length

L—1I~L. Since L=2 m the transit time on the ring takes a
few nanoseconds. Furthermore, since the mfrmﬂm_ntv losses

VSLLULIGS. D vy AR LU ALULGLG Fivuh v

for forward propagation are very high (BSO has a transmis-
sion 15%), the overall cavity damping time ¢, is shorter than
100 ns. On the contraty, the material excitation y decays over
a time scale 71 s.

), (11)

. THE LOW F LIMIT
A. Linear stability analysis

If the Fresnel number is small, only a few modes propa-
gating close to the cavity axis will be allowed, since the
finite mirror size introduces losses rapidly increasing with
the transverse wave number g. We will show that a stability
analysis of the coupled field and medium equations {9) and
(11), around the stationary solution corresponding to zero
field E=0 and thus zero susceptibility y =0, will provide
oscillatory g bands within which modes are oscillating. Then

(Sec. HI B) we will include the leadingk nonlinearities which
Induce a mode—mode competition. Let us introduce an opti-
cal field normalized to the pump field,

y=EJE,

and for simpli

number K.
The linearized coupled equations are

8,+cé‘z—

(3, +1-15V%) x=ry. (13)

" In writing Eq. (13), we introduce /3= D7 and normalize the

time scale to 7. Since experimental evidence has provided
7~1 s, this normalization is not formally affecting Eq. (12).
Since the time evolution of the field is much faster than that
of the material variables, the field equation within the me-
divm reduces to

i, k :
G Vi y=ig X~y (14)

where y=I'/c.
Our treatment differs from all previous ones for two in-
novative elements, namely,
(i) in Eq. (13) we do not limit to a diffusively thin slice
of length /<€{;, but account also for longitudinal diffu-
sion;
(ii) in Eq. {14) we keep the diffraction term even within
the medium. In previous treatments,>** this term was
canceled, in view of a short propagation length / within
the medium as compared to the cavity length L. In our
case, due to the insertion of the intracavity lens (Fig. 1},
most of the propagation is constrained by an optical im-
aging (object to image plane) for which diffraction is
compensated.>* Thus the free propagation length d may
be much less than the overall cavity length, so that
I/d~0(1).
We Fourier transform in the transverse coordinate r, —q,
keeping for the time being the longitudinal z dependence.
Thus Eq. (14) becomes {to simplify the notation, we do not

nee Adifferant cumhnle for vivr > A and uln > A

UOw UALLWLVELL OJIJIUUID AL ]\ll ’G’L) CLLINA } \\.l"a’b}, since fl‘\ﬂ

SLlikA L

meaning emerges from the context]

dY =X =YY, : (15)

where y,=y+i(q°/2k) and a=(ik/2). We conceptually
split the medium slab into a large number » of longitudinal
slices of length A=={/r such that y(z) is uniform over A, and
then let A—0.

Calling y ; the output field from the jth slab, X the sus-

LGPUUUIIY ldl\lﬂl dad Llllll.UIlIl Over 1’.\ d.llU _y —1 l.IlU lIlleI. 1lClu,

integration of (15) over the jth slab yields
&= —y,4 had - A
yi=yj-1e e +7—Xj(1—6’ 7a%). (16)
. q

We now Fourier transform for the longitudinal dependence
j—h. In the g-h space, the above equation can be written as

CHAQS, Vol. 4, No. 3, 1994
Downloaded 07 Nov 2001 to 193.174.246.130. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



Arecchi et al.: Formation and competition 495

. @
ya=yue MleT Vil + — x(1-e77h), (17)

Yq
where we shorthand y,, for y(q,k,£) and have used the trans-
lation formutla

yj—l"’)’he_ﬁm- (18)
In the same g-# space, the medium equation is written as
[, +1+15(g°+h2) Ixp=ryse” "4, (19)

since the source term for y; is y;_;.
If we now consider an exponential time dependence as

X(qﬂh,t) =XheM
so that @,—\, then Eq. (19) vields the formal solution

xn=rD gy e, (20)
where
Dy=h+1+15(q2+h?). (21)

Placing Eq. (20) into {17) we have

. o
yy=ype A e 7t + P rD;,,l(l—e*WA) . (22)
q

On the other hand, the stationary free space (source free)
solution of Eq. (12) over a propagation length d yields in real
longitudinal space j

Po=yne 0K, (23)

In A space, in view of the longitudinal translation factor
e ™ Fq. (23) permits one to express A as a function of ¢ as

=577 (24)

Solving Eq. (22) for the kernel D, one finds

o 1—e %t

Dy=—r p5——=%-
qh '}’q eu’z —e g

It is very easy to evaluate the A-—0 limit of the above ex-
pression, which is
i

D_,=ar - s
ah lk+'yq

(25)
which, by use of (21) and (24), yields the dependence of the
eigenvalues A upon the transverse wave number g

1
G12kY(1+d/Dg*+ vy
(26)

+ar

d
A=—1— lD(q +og

The real part of A is plotted in Fig. 2, together with the
wave-number position of the lowest order transverse models
TEMyy and TEMg 0 We sce that the first one is below
threshold while the other two are above, for realistic param-

eter values as shown in the caption of Fig. 5. In the linear -

limit only the modes above threshold are excited. However,
introduction of the leading nonlinearities compatible with the
symmetry constraints may give rise to a competing dynamics

10

Re{A)

-1

FIG. 2. Lincar stability diagram. The rcal part of A is plotted versus the
transverse wave number g{mm™!). Only the modes with FA>0 can be
lincarly cxcited. We show the g position of the lowest transverse modes
which are put in interaction by the nonlinearities. p=—25, y=400, /=330
pm, d=2.5 em, I=1 cm, y=1.9 em™L.

with the probability of temporarily quenching of modes on
behalf of modes linearly below threshold as described in the
next subsection.

B. Normal form equations

For low Fresnel number, only a few modes of the cavity
are allowed to oscillate in the resonator. Hence, it is possible
to project Eqgs. (9) and (11) onto these maodes, thus obtaining
a set of ordinary differential equations. In this boundary-
dependent regime if is possible to account for the basic phe-
nomena observed on the simple basis of symmetry
argurnents.l-l’19 Use of symmetry arguments provides directly
the simplest nonlinear interaction (normal form approach®).
Such an argument is applied to the photorefractive oscillator
in Ref. 19 and here below we review that approach.

For the sake of simplicity, let us consider a simple dy-
namics involving three transverse modes, a central one with
amplitude z, and two higher order ones counter-rotating
along the azimuthal coordinate ¢ with respective amplitudes
z, and z, and angular momenta =1. We can expand the
cavity field as

E=f(r,[){z1"+z3e ") 1 + fo(r,D)z4e',

where f and f, are the space distributions of the modes. The
optical frequencies wy and w, are in general different, and
slow time dependence due to the dynamics is included in the
amplitudes z,(¢) (i=0,1,2).

The zero intensity situation corresponds to zy=z,=2z,
=0, the central mode to z;=2z,=0 and an azimuthal stand-
ing wave to zp=0, z;=2z,.

The time sequence of these three situations is one of the
simplest cases experimentally observed,’” so we aim at
building model equations having the above sets of z values
as fixed points. Since, however, any quasistationary point
persists for a finite time, each of the fixed points must have at
least an unstable direction. With these general rules in mind
we now discuss the symmetry requirements.
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The observed symmetries impose the following con-
straints on the mode amplitudes:>

0:(z,22,20)(e'%2, 6 ¥2,,2p), (27)
K:(zl 323 ’ZO)_’(ZZ:ZI ,Zo), (28)

where ® denotes the rotation operation, and K the reflection
around the privileged plane. As these modes are born by
Hopf bifurcations, there is an additional time symmetry

B:(zy,29,29)—(e'Przy,e'P1zy,eP0zp). (29)

The normal form for the nonlinear interaction among the
three modes, assuming that the symmetry of the system is Z,
(reflection) degenerated toward an O(2) one (reflection and
rotation) is'!® (dots denote time derivatives)

z9=NozpFLal]z >+ 22| ®) + b|z0|*1z,
z1=Nzy+ (c|z) [P+ d|zy* +e|zp| D)z, + €2, (30
Zo=Nz1+(d|z) 2 +clzal* +elzo|Dzat ez,

where Ag,hq,a,b,¢c,d,e are complex coefficients and
€=p.e'¥< is a symmetry breaking parameter, accounting for
the breakup of the cylindrical symmetry due to the experi-
mental setup which introduces a privileged plane (that con-
taining the directions of both pump and signal beam).

Letting z; = p;e'®, and changing the variables as
p,=A cos(a/2), p,=A sin{af2) and a=¢,—¢, it is found
that in the (py,4) plane of the phase space there are three
fixed points O, SW, and C, corresponding, respectively, to
the off state of the oscillator, TEM,, (or TEM,,) mode and
TEMUU mode.

It is possible to show that, for certain values of the pa-

rameters \;,a,b,c,d,e (see Ref. 19 for details), a fourth
fixed point exists in the (py,A) plane. The Hopf bifurcation
of this fixed point can result in limit cycles that forms het-
eroclinic connections among points O, SW, and C. In par-
ticular, for obtaining the observed PA and CA phenomena it
is necessary to have a subcritical bifurcation for one of the
modes. This imposes that one of the linear coctficients A; of
Eq. (30) be negative. This is in fact what happens in our
system, as shown in Sec. IIT A,

The corresponding phase portrait in the (py,p;) plane (we
recall that {p,|=|A|} is shown in Fig. 3. As a periodic orbit
emerging from P gets close to the other fixed points, there
will be a critical slowing down that will give rise to the
periodic alternation phenomenon among the O, SW, and C
states. _

The phenomenology of chaotic alternation can be under-
stood on the basis of the normal form approach also. Indeed,
in the experiment of Ref. 15 a strong pulling action due to
the narrow frequency width of the photorefractive medium
provides equal dressed frequencies for all transverse modes,
even though the bare frequencies were different. Now, Egs.
(30) refer to the modes dressed by their interaction with the
medium, hence a frequency degeneracy w;=w; should be
included. A resonance between the states with angular mo-
menta *1 and the central one implies an additional symme-
try. Namely the time symmetry becomes™

B:(zy,25,20)—(e'Pz1,ez, ,6'Pz). (31)

FIG. 3. Three-dimensional (pg,p;.02) projection of the phase space. The
arrows indicate the local stability properties of the zero (0}, central (C) and
standing wave (SW) solutions, which lie on the (py,A) plane (sketched by
dashed lines).

. This allows additional terms to survive in the normal
form equation, which will now read as follows:

zg=nozg+[a(|z)|*+|25|) + blzg|*Jzo+ Fziz22E
z1=Ngz +(clzy P+ dlza|* + elzo|Pz, + ezt g2i23
:22=)\121+(d|21|2+c|z2|2+e|20|2)22+621+gz§zf‘, (32)

where f and g are complex coefficients. Dynamically, the
additional terms due to resonance act as forcing terms with
frequency 2¢o— (¢, ¢,), thus inducing dramatic changes in
the structure of the solutions. )

Notice that if the additional terms are “turned on’ when
the other parameters are tuned close to an heteroclinic solu-
tion, some of the periodic solutions can disappear, some can
bifurcate fo solutions of different periodicity, and even cha-
otic behavior can be expected. Figure 4 reporis the phase
portrait arising from Eqgs. (32). Notice the existence of a
chaotic solution getting close to the pure modes (CA). Both
PA and CA phenomena are structurally stable, insofar as they
persist over wide ranges of parameter values.

iV. THE HIGH FRESNEL NUMBER LIMIT

The solution for the field and matter linearized equa-
tions, discussed in the previous section, remains valid even
in the case of high Fresnel number. However, since in this
last case a large number of modes are simultaneously al-
lowed to be above threshold, we have a high dimensional
dynamical system characterized by a space—time chaotic be-
havior, for which a description in terms of modal amplitude
time evolution becomes of poor significance.
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FIG. 4. (a) (pg.p,) projection of the solutions of Egs. (30) for #"=3, b"=1,
¢'=—1,d"=-2,e"=—1,\;=03, Nj=-15, p=0.3, 0,=0, ¢'~d'=1. P is
marginally stable and for any initial condition a periodic orbit is found. The
closer a period orbit is to the three fixed points, the larger the period. The
imaginary parts of the coefficicnts Ay,b,a and e contribute only to the
dynamical evolution of ¢, and ¢;; (b) (pg,p,) projection of a chaotic solu-
tion of Eqs (32). Samc parameter values as in (a) plus f'=—0.01, g"=0.02,
[i=0, g'=0.

The space—time chaotic state has been experimentally
characterized in terms of a correlation length much shorter
than the whole extension of the transverse signal,’® and of an
exponentially decaying power spectrum with a spatial fre-
quency cutoff g, =200 um.?® This means that, in this regime,
the optical field behaves like a set of uncorrelated dormains of
a size much smaller than the transverse wave front. Accord-
ing to this experimental evidence, we can still consider the
linear evolution of each spectral susceptibility component as
ruled by a separate equation, however affected by a “ficti-
tious” noise source.

Precisely, we introduce a projection operator P and its
conjugate J=1— P over the whole space of spectral modes.
By P we pick up those modes of which we intend to describe
the dynamics, and by Q we coliect all the other modes which
act as noise. The nonlinearities couple the two subspaces
spanned by P and Q, so that the P subspace still obeys
equations as reported in Sec. III, while the O subspace acts
as a noise source on the previous one.

We account for the experimental fact that, for high F,

the correlation length is much smaller than the transverse
domain size, by introducing a Gaussian noise source N with
zero average and & correlated in space and time (white noise
in frequency and wave number) that is

(V)=0,
(N¥(z,x, ON(2',x ") =08(t=t")8(z—2") 8(x —r]).
(33}
In the spectral domain, we have seen [Eq. (19)] that
th("ﬂ)XIF i‘yhe_”lﬂ’ (34)

where D (@)=iw+1+15(g>+h?).

Besides the source due to the (f,g) field mode as given
by the right-hand side (P space projection), we must add a
noise contribution (global contribution of the Q space), so
that the high F equation becomes

Dqlz(w)Xh=ryhe_”!A+N~ (35)

Notice that Eqs. (20} and (25) allow one to express y, in
terms of y,, in the-A—0 limii as
aer’hA

yﬁ:ik"*”)/q Xn-

(36)

Replacing (36) into (35), we can solve yj in terms of N.
Taking the modulus square and averaging over the N distri-
bution by use of (33}, wc have

a
2 =
(™ liw+1+15(q%+n2) ~[ar/(ih+ v )1

(37

For w=0, this expression yields the time-averaged power
spectrum S, of x,. The corresponding power spectrum of
the optical ﬁeld is

2
o

y—wsx. (38)

Utilizing the relation (24) between £ and g, §, can be ex-
pressed as a function of g. An example of this power spec-
trum for a selected parameier ar= u+iv is shown in Fig.
5(a) together with the experimental power spectrum [Fig.
5(b)]. The best agreement between experiment and theory is
reached for #=—25 and »=400,

It is important to note that the power spectrum has non-
zero components even at g==0, where the linear stability
analysis of Sec. IHI predicts that the modes are damped. This
behavior is reminiscent of the mechanism first introduced in

the study of longitudinal multimode lasers, named
“Maxwell-Rloch turbulence, 224 and ¢consisting in a noise-

VAGA vy o i— D0 LT UL LOlelolils o 1%

like contribution to the dynamics of modes that are lincarly
stable via a nonlinear exchange of energy with the linearly
unstable modes (self-induced noise).

V. CONCLUSIONS

We have shown that optical morphogenesis arises from
the competition between the diffractive properties of the
electromagnetic field and the diffusive properties of the me-
dium refractivity, In the low F limit, the diffractive nature of
the optical field dominates, and the competition generates
boundary dominated instabilities. In the high F limit, each

CHAQS, Vol. 4, No, 3, 1994
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FIG. 5. {a) Wave number time-averaged power specirum of the optical field
for the same experimental parameters as in Fig. 2. Both vertical and hori-
zorital axis are in log scale. (b) Experimental power spectrum from Ref. 20.

mode above threshold feels the global effect of all the modes
below threshold as a noise source which washes out the
phase relations built by diffraction, thus giving rise to pat-
terns which are independent from boundary conditions (bulk
dominated patterns).

The modal equations here introduced have not been
soived in their full generality, nor have we attempted a mul-
tiple scale analysis leading to various classes of amplitude
equations.> We have instead limited our approach to the
linear region in the boundary- and bulk dominated regimes
(low and high F, respectively). Furthermore, in the case of a
small number of competing modes, we have introduced the
leading nonlincarities compatible with the dynamical sym-
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