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Transition from Boundary- to Bulk-Controlled Regimes in Optical Pattern Formation

F. T. Arecchi,("‘) S. Boccaletti, P. L. Ramazza, and S. Residori

Istituto Nazionale di Ottica, 50125 Firenze, Italy
(Received 9 November 1992)

By increasing the Fresnel number F of the cavity of a photorefractive oscillator, we report the transi-
tion from a boundary-controlled regime, where the size of the transverse patterns scales as 1/V/F, to a
bulk-controlled regime where the pattern size is independent of F. In this new regime, the size corre-
sponds to an intrinsic correlation length imposed by diffusion processes within the material. The wave
number spectrum of the emitted field has a sharp cutoff, corresponding to the length scale of bulk corre-
lations. Such a new behavior is explained by the wave number dependence of the gain within the insta-

bility region.

PACS numbers: 42.50.Lc, 05.45.+b

Two types of pattern formation can arise in a system
far from equilibrium, namely, the forced one, where the
symmetry is imposed through the boundary, either by the
geometry or by an external driving force, and the spon-
taneous one, where the symmetry is imposed by the bulk
parameters of the active medium without any boundary
influence.

Examples of the first type are convective instabilities in
fluids, where the scale length is imposed by the cell height
[1] or the capillary pattern in fluid layers submitted to a
periodic vertical force (Faraday instability) [2,3].

A Turing instability is the prototype of a bulk instabili-
ty [4]. Indeed let us consider a reaction-diffusion process
with two competing species / =1,2 with diffusion lengths
l;, reacting through a nonlinear coupling. If we adjust
the coupling in order to have an activator (i =1) and an
inhibitor (i =2), then in the limit /,//,< 1 stationary pat-
terns may arise with a scale length of the order of
A~ (l113)', independent of the boundary [5]. Only re-
cently [6] has experimental evidence of chemical Turing
patterns been offered, since beforehand transport effects
were stirring the chemical components, thus imposing a
boundary dependence.

In this Letter we report optical pattern formation for
different “aspect ratios” (i.e., different Fresnel numbers),
showing the transition from patterns dominated by the
geometric parameters to patterns whose scale length is
imposed by the bulk properties of the medium.

In the case of optical media, any device based on the
original Schawlow-Townes idea [7] of mode selection in a
cavity much larger than the optical wavelength A yields
transverse patterns depending upon the so-called Fresnel
number F =a?/AL. F includes the two relevant geometri-
cal parameters, namely, the transverse size a and the lon-
gitudinal size L of the cavity, and it accounts for competi-
tion between geometric acceptance and diffraction phe-
nomena. As a result, patterns based upon optical propa-
gation are boundary dominated, even though sometimes
called “Turing phenomena” [8]. Indeed, observed pat-
terns in lasers can be explained exclusively in terms of
symmetries imposed by the boundary [9].

Recent evidence of transverse optical patterns in a pas-
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sive alkali cell showed hexagon formation, but the experi-
ment was carried out at fixed geometrical parameters
[10] and no hints were offered on possible boundary-bulk
tradeoff. Another experiment on an optical cavity with a
dephasing slab of liquid crystals [11] showed patterns
scaling with the cavity length in a purely diffractive way.

Our experiment is carried out on a photorefractive os-
cillator consisting of a ring cavity of length L containing
a thin photorefractive BSO crystal pumped by an argon
laser [12]. The two-wave mixing between pump and cavi-
ty fields provides a grating of refractive index which cou-
ples the two fields by Bragg scattering. For increasing
Fresnel numbers, we have the successive onset of two re-
gimes, a first one which displays space coherence, where
single cavity modes alternate sequentially, either periodi-
cally or chaotically, and a second one of spatiotemporal
chaos, where a mode mixing appears with a consequent
reduction of the coherence length.

A fundamental geometric parameter of this experiment
is the spot size of the central mode which is constrained
by the quasiconfocal configuration (intracavity lens of fo-
cal length L/4, positioned at a distance from the crystal
close to L/4). Thus, the spot size of the central mode is
given by [13]

wo=~AL/7. 1)

Provided the mirror size a is larger than wy, that is, that
the Fresnel number F =a?/ALL is larger than 1, the cavity
can house higher order modes, made of regular arrange-
ments of bright spots (peaks of Gauss-Laguerre functions
in cylindrical geometry) of size

DZWO/\/F. (2)

Since the overall spot size of a transverse mode of order »
scales as v/n wo, it is clear that n =F is the largest order
mode compatible with the boundary conditions (filling of
all the aperture area).

In order to check experimentally such a scaling law, we
rely on the fact that patterns built by superposition of
Gauss-Laguerre functions have in general an average size
D of bright peaks equal to the average separation (D) of
zero intensity points [13]. Furthermore, each intensity
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zero provides a phase singularity [14], which can be
detected as a fringe dislocation by heterodyning with a
tilted reference plane wave. In this way [15] we provide a
technique for measuring the average nearest neighbor
separation (D) between phase singularities, which repre-
sents the characteristic length of our pattern system.

A plot of (D) vs F [Fig. 1(a)] shows that Eq. (2) is
verified up to a critical value F,, above which D is almost
independent of F. In a similar way, the total number NV
of phase singularities “scales as F? or F, respectively,
below and above F.. This transition is evident in Fig.
1(b) and its root is the following. N is the ratio of the to-
tal wave-front area a2, which scales as F, to the area (D)2
containing a single phase singularity, which scales as F ™!
or FY, respectively, below and above F,.

We can understand the transition as follows. Consider
the photorefractive crystal as a collection of uncorrelated
optical domains, each one with a transverse size limited
by a correlation length /. intrinsic of the crystal excita-
tions [16]. Then the medium gain has an upper cutoff at
a transverse wave number 1//. and spatial details are
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FIG. 1. (a) Mean nearest neighbor separation (D) (scale in

um) between phase singularities and (b) average total number

(N of phase singularities vs the Fresnel number F of the cavity.

Dashed lines are best fits with the boundary-dependent scaling

laws (D)~ F ~Y2 and (N)~F2. Solid lines are best fits with the

bulk-dominated scaling laws (D)~ F% and (N)~F.
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amplified only up to that frequency, that is, provided they
are bigger than /.. Thus, for a critical F. such that
D =wo/F('/2=lc we expect a transition from a boundary-
dominated regime described by Eq. (2) to a bulk-
dominated regime whereby the separation of the phase
singularities is independent of F. This is indeed the case
as shown in Fig. 1, which yields a value F.=11 corre-
sponding to /. ~170 um, since wo~600 um for L =200
cm.

The reduction of the boundary influence is also sig-
naled by the reduction of the topological charge imbal-
ance. Indeed, since a regular field should have a balance
between topological charges of different sign [14], an im-
balance means that two phase singularities of opposite
sign have been created close to the boundary and only one
has remained within the boundary. Therefore, there is a
boundary layer of area a{(D) containing N;~a/{D)
singularities (V< N as soon as (D)< a) within which a
topological charge imbalance can occur. The absolute
value of the imbalance of positive to negative charges is,
for statistical reasons, of the order of N/, and thus the
normalized imbalance is U=N;l/2/N. Accounting for the
scaling of (D) with F, it follows that U scales as F ~'°
and F ~%75 respectively, below and above F.. Figure 2
reports the experimental results which are in agreement
with this expectation.

In order to characterize directly /., we measure the sin-
gle pass gain of BSO in a two-wave mixing configuration
without cavity as shown in Fig. 3(a). A lens provides an
image of the near-field output on the videocamera VD. A
diaphragm on the focal plane of the lens filters out noise.
By tilting the two waves, we measure the photorefractive
gain G versus the grating spatial frequency K. As shown
in Fig. 3(b) we have the maximum gain for an optimal
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FIG. 2. Average charge imbalance U={(ln+—n-|/(n+

+n-)) vs F. ny (n-) is the total number of positive (nega-
tive) phase singularities as defined in Ref. [15]. Dashed line:
F '3 fit up to F=11; solid line: F ~°%7 fit from F=11 on. In-
set: Expanded view of the F > 11 region.
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FIG. 3. (a) Experimental setup for measuring the spatial
frequency response of BSO. D: diffuser; L: lens; F: diaphragm.
(b) Gain Gy (ratio of the output signal intensities with and
without pump) vs K (measured in mm ~'). (c) Gain G vs spec-
tral broadening ¢ (mm ~'), measured with 6 fixed at the op-
timum value. The solid line is an interpolation of the experi-
mental points. :

angle 6~1° corresponding to a Bragg grating with
periodicity K ~'~A/60~30 um. The solid line is a best fit
according to the photorefractive theory of light scattering
{171. In order to measure /., we have to explore the
broadening of the gain peak around K. When a diffuser
is inserted on the signal path, it provides a spectral
broadening ¢, controlled by translating the diffuser be-
tween two confocal lenses. In this way, we measure the
amount of amplification of a speckle field of varying size.
The data [Fig. 3(c)] yield a cutoff at g.~5 mm ~' whose
reciprocal is in agreement with the indirect evaluation of
/.

A model of pattern formation in a Kerr medium ex-
posed to a pair of counterpropagating fields [18] provides
two scale lengths, one (AL)'/? depending only on dif-
fraction and one (ALI.)'? accounting also for material
diffusion over a correlation length /.. This latter one,
however, still contains the geometric parameter L, and for
sufficiently small L it would provide a pattern length even
smaller than /.. In fact, an intrinsic cutoff length does
not emerge from that treatment, because saturation
effects of the nonlinearity are completely neglected.

In Ref. [12] the range of F numbers explored was not
wide enough to give evidence of two separated regimes;
thus we fitted the available data for (D) and N vs F with
global exponents slightly different from —0.5 and 2
(—0.62 and 1.79, respectively). The present extension to
larger F numbers allows clear separation of the two re-
gimes.

Finally, above F,., the persistence time (T) of a phase
singularity within a domain of size (D) has also to be in-
dependent of F. This was evident in Fig. 6(a) of Ref.
[15], although no adequate explanation could be offered
at that time.
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FIG. 4. Field power spectrum S(g), measured integrating
the signal intensity over concentric shells of radius g (mm ~') in
the Fourier space. Dots: experimental points, F=70. Solid
line: best fit with expl—(g/q0)?] yielding f=0.96, go=5.3
mm ~!

A further independent check of bulk-dominated pat-
terns is given by the power spectrum S(g) of the trans-
verse optical field for F > F,. This measurement is done
by integrating the signal intensity over concentric shells
of radius ¢ in the Fourier space provided by the far-field
propagation of the cavity field. The results are reported
in Fig. 4. The best fit of the data yields an exponential
high frequency cutoff ¢ ~#/%° with go=5.3 mm ~'. This
corresponds to a correlation length 1/go~ 190 um for the
field, in good agreement with the values of /. reported
above. A broadband spectrum with an exponential cutoff
is a clear signature of spatiotemporal chaos [19], where a
chaotic dynamics of spatial patterns is involved, with a
dominant length scale.

The transition here reported to a boundary-indepen-
dent regime can be explained as follows. Linearizing the
dynamics at the onset of the instability, the gain per unit
length g(q) provided by the crystal for each g component
should be equal to the attenuation a(g), in order to have
marginal stability.

The attenuation a(g) is derived by the following con-
siderations. A spectrophotometric measurement gives a
transmission 7y =37% through the crystal in the absence
of pump, corresponding to a linear attenuation a;. Furth-
ermore, the optical intracavity elements (beam splitter,
lenses) add an attenuation 1 —7,=20%. Reducing this
last one to an equivalent crystal attenuation a;, we have
expl— (a1 +ax)!/1=T,T,=0.296, yielding a=a;+a;
=1.2 cm ~, since the crystal length is /=1 cm. Besides
this uniform attenuation there is a g-dependent attenua-
tion ay(g) due to the diffractive spread of the beam, so
that the overall attenuation is a(g) =a+a,(g). A beam
of radius r at the crystal exit reenters after a cavity round
trip of length L, with a radius increased by diffraction.
The g component of the field I[diffraction angle
0(qg) =q/k, where q and k=1/r are the lengths of the
transverse and longitudinal wave vectors] will be spread
over a radius r+Lq/k, thus the relative loss due to the
limited crystal aperture is
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